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1 + yf(x)[X6IY BI=;<>6Ij � � �;oXE1C-O3P�8\[�<@6

f
(

x + 1 + yf(x)
)

= f(x) + xf

(

1 + yf(x)

f(x)

)

= f(x) + 1 +
x

f(x)
f(yx)
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f(x + 1) = f(x) + 1
VuORHU[�Q©Q

x ∈
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f
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x + yf(x)
)

= f(x) +
x

f(x)
f(yx)
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xf(y) =
x

f(x)
f(yx)
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x 6= 0

oNE1CÌjKC«8
f(xy) = f(x)f(y)
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x = 0
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f(0) = 0
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f(xy) = f(x)f(y)
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f(x + y) = f(x) + xf(y)f

(

1/f(x)
)

= f(x) + f(y)
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f(x) = x
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n > 1
[X6IY�[G3HJ<@SºC

p
[�HJCº=;BD`*:!8;:R[K8

n
YR< ªR<>YICK=

p − 1
o�[�6IY

pYR< ªR<>YICK=
n3 − 1

g�¾ :3OXE 8;:R[K8
4p − 3
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¾ <>6I`sC
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Y�<dª�<aY3C�=

p − 1
ofE1C-YIC�YRBD`sC98;:R[_8

p ≡ 1 (mod n)
[�6IY

n ≤ p − 1
g

5a8mVuO�Q©QaOXE-=U8;:R[_8
n − 1 < p

g�¾ <>6I`sC
p
<@=WGIH\<>S^CRoXE1C-:R[_ªRC

gcd(n − 1, p) = 1
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YR< ªR<>YICK=

n3 − 1 = (n − 1)(n2 + n + 1)
o3<d8FVuO�Q©QaOXE-=WVaHJORS��?[�BI=*=��h :3C�ORHJC�S 8;:R[K8

p
YR< ªR<>YICK=

n2 + n + 1
g n�C_8

n2 + n + 1 = kp
oME1:3C�HJC

k
<@=1[GDOR=;<©8J< ªRCZ<>6�8JCXjKCKH g�h :3CK6

k ≡ kp = n2 + n + 1 ≡ 1 (mod n)
gF] ORHJCXOKªRC�HAo

k =
n2 + n + 1

p
≤

n2 + n + 1

n + 1
< n + 1

g
h :3CKHJCKVuORHJC�o

k = 1
[�6IY

p = n2 + n + 1
g�h :3CK6

4p − 3 = 4(n2 + n + 1) − 3 = (2n + 1)2
o
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[X6IY
BC

[XHJC9=*BD`*:/8;:R[_8
AP

PQ
=

BC

AB

[�6IY BQ

PQ
=

AC

AB
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oR[�6IY
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4ABC
gWÉ C_®D6IC

k = AP/a
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k =
AP

a
=

BQ

b
=

PQ

c
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CP = b − AP = b − ka
[�6IY

CQ = a − BQ = a − kb
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h :3CTnK[«E�O�VMpqOR=*<@6IC�=Wj«<dªRCK=
k2c2 = PQ2 = (a − kb)2 + (b − ka)2 − 2(a − kb)(b − ka) cos C

= (1 + k2)(a2 + b2 − 2ab cos C) − 4kab + 2k(a2 + b2) cos C

= (1 + k2)c2 − 2k
(

2ab − (a2 + b2) cos C
) o
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[X6IY^:3CK6I`;C�o
c2 = 2k

(

2ab − (a2 + b2) cos C
) g

�IBR8Lo�BI=*<@6Ij%8;:3C nK[_E O�V ¾ <>6ICK=_oXE1C-:R[«ªRC
2ab − (a2 + b2) cos C

= 8R2 sin A sin B − 4R2 cos C(sin2 A + sin2 B)

= 4R2
[

cos(A − B) − cos(A + B) − cos C(sin2 A + sin2 B)
]

= 4R2 sin2 C cos(A − B) = c2 cos(A − B)
o

E1:3C�HJC%E1C-:R[«ªRC9BI=LC�Y#8;:3CZ<aY3C�6�8J<d8 c
cos(A − B) cos(A + B) = cos2 A(1 − sin2 B) − sin2 B(1 − cos2 A)

= cos2 A − sin2 B
g

5a8mVuO�Q©QaOXE-=U8;:R[_8
k =

1

2 cos(A − B)

g
¾ <>6I`sC

∠AOC = 2B
[�6IY

OA = OC
o_E1C%:R[_ªRC

∠OAP = 90◦ −B
g�h :�BI=_o

OP 2 = OA2 + AP 2 − 2OA · AP cos(90◦ − B)

= R2 + k2a2 − 2kRa sin B

= 4R2k2

(

1

4k2
+ sin2 A −

1

k
sin A sin B

)

= 4R2k2
[

cos2(A − B) + sin2 A − 2 cos(A − B) sin A sin B
]

= 4R2k2
[

cos2(A − B) + sin2 A

− cos(A − B)
(

cos(A − B) − cos(A + B)
)]

= 4R2k2(sin2 A + cos2 A − sin2 B) = 4R2k2 cos2 B
g

h :3CKHJCKVuORHJC�o
OP = 2kR cos B

gU¾ <@ST<©Q>[�HJQ cqo
OQ = 2kR cos A

g G OXE o
OP · CQ + OQ · CP

= 4kR2(cos B sin A − k sin B cos B + cos A sin B − k sin A cos A)

= 4kR2
[

sin(A + B) − k sin(A + B) cos(A − B)
]

= 4kR2
(

sin C − 1

2
sin C

)

= 2kR2 sin C = R · kc = OC · PQ
o

E1:3C�HJC%E1C-:R[«ªRC9BI=LC�Y#8;:3CZ<aY3C�6�8J<d8 c
sin(A + B) cos(A − B) = sin A cos A + sin B cos B
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o
C
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AP · AC = BQ · BC
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A
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B
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Γ
O�V

4CPQ
gFh :�BI=«oIQ>C_8\8J<@6Ij

U
P3C-8;:3C`;CK6�8sHJC^O�V

Γ
[X6IY

ρ
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Γ
oDE1CT:R[«ªRC

UA2 − ρ2 = UB2 − ρ2
g 5a8VuO�Q@Q>OXE-=�8;:R[K8

UA = UB
of[X6IY

U
<@=WOR618;:3CZGDCKHsGIC�6IY�<a`sB3Q@[XHmP�<>=ACX`J8JORHUO�V
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f(x)
P3C-[9V>BI6I`J8J<aOR6/E1:�<a`*: =*[K8J<@=*®DC�=

f(29 + x) = f(29 − x)
o

VuORH�[KQ@Q�ª�[KQ@BDCK=mO�V
x
g 5uV

f(x)
:R[�=mC;À�[f`J8JQ c98;:RHJC�CNHJCK[�Q�HJO3Of8J=

α
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β
o�[X6IY

γ
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α + β + γ
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γ = 29
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α
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β
oÄSTBI=s8NP3C =\cRS^S^C_8sH\<a`'[fP3O�BR8

29
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α = 29 + x
[XS^Y

β = 29 − x
VuORHm=AORSºC9HJCK[�QD6RBIS^PICKH

x 6= 0
g?h :3C�HJC_VuORHJCRo

α + β + γ = (29 + x) + (29 − x) + 29 = 87
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5a8m<@=F<>STG3Q©<a`s<d8�8;:R[_8
0 < x < y < 60

gU¾ <@6I`;C-[�6T[X6Ij«Q>C1O�V
110◦

`sORHsHJCK=AGIOR6IY3=8sO
55/3

S <>6RBR8JC�=«oXE1C-:R[_ªRCZ8;:3CZVuO�Q@Q>OXE9<>6IjZCXÃ�BI[K8J<>OR63=�

(

30 +
x

12

)

− x =
55

3

o
y −

(

30 +
y

12

)

=
55

3

g
�-CK6I`;C�o 11

12
x = 30 − 55

3

[�6IY 11

12
y = 30 + 55

3

o3VaHJORSrE1:�<a`*:/E1C1jKC_8
y − x = 40

gh :�<@=W<@=m8;:3CZ8J<@SºC-O�VD8;:3CZ8sH\<>G <>6TS <>6RBR8JC�= g
Â g n�C_8

x1 =
1

2002

gm¨ ORH
n ≥ 1

o3YIC_®D6IC
nxn+1 = (n + 1)xn + 1

gF¨ <>6IY
x2002

g
AR³�½��6
*& /�% �?³E/ 
«²L¸ 1I¶@½©¶a·R´ :X¶ <>�Ä³�½©½��
���
 �z³f·q¸u»+³f² 
«·q±.%6< ��°��«°K½ <�� ��� �3¶,
_²s²C

1�³f²s·3´	�«¸ 
L¶a·�< �Ì°_¶>´«³f·3´�����°���¸\¸ 
�<��X²J°�·q± 
�� 	 -K´K¸>°!��³��M²\¶a»	:�
_²;< ��·�¶��6
«²\´;¶ &�°�&�� +�� � � <
14-�
«·q³X´ + ¶>² 
Á´"< + ².��
_·q¸>¶a·3° ���R°!�Á½ ³X´��Ë°X²\°6��³9-�&�°6:X¶>´ <��3¶>² 
«°�´ < 	M²C
*
�±C
��M°X·�& � &��k°�² &
�*3 � 3 �-°X·��6< �Z¶©½ @a²\¶ & ��° -X²\¶,
_²#��·�¶��6
«²\´;¶¬¸ %6< �-°R¸ 
«²\½ ³3³*< # � 3 ��
 �_¶��6
#¸���
 �k²\¶ ¸ 
 � -«µ³*@D�M²\¶>»	: 
«²�3

h :3CZ=ACXÃ�BDC�6I`sC
xn = n/2002 + n − 1

=*[K8J<@=*®DC�=�8;:3CZHJC�`sBIHsHJCK6I`;CZHJCKQ@[K8J<>OR6 O�V8;:3C-GIHJO3P�QaCKS g 576IY3CXC�Yqo
x1 = 1/2002

oI[�6IY

nxn+1 = n

(

n + 1

2002
+ n

)

=
n(n + 1)

2002
+ n2

= (n + 1)

(

n

2002
+ n − 1

)

+ 1 = (n + 1)xn + 1
g

h :3CK6qo
x2002 = 2002

g
Ç g ¨ ORH/<>6�8JCXjKCKH\=

n ≥ 1
okQaC«8

an = n2 + 500
[X6IY

dn = gcd(an, an+1)
gÉ C_8JC�HJST<@6ICZ8;:3C9Q@[XHJjKCK=;8�ª�[�Q©BDC1O�V

dn

g
AR³�½��6
*& /*% �3¶ 
«²s² 
 1�³f²s·3´	�«¸ 
L¶a·�<
�Ì°_¶>´«³f·3´�����°���¸\¸ 
�< �f²\°X·Ä±C
�� �R°!�Á½ ³X´ �Ì°�²J°��R³9-�&�°*:X¶@´"<
�3¶a²C
_°K´"<	M²C
*
�±C
��I°�·?& � &��k°�² & �*3 � 3 �-°�· ��< �Z¶@½ @u²\¶,& ��° -X²\¶,
_²%��·�¶��6
«²\´;¶¬¸ %6< �-°3¸,
_²\½7³3³*<
# � 3���
�K¶��6
/¸��?
N´_³�½ -3¸>¶7³f·�/*% �-°�· ��<M»+³ &X¶�� 
6&(/�% ¸��?
 
6&X¶¬¸7³f²�3

h :3C-[�63=sE1CKH�<>=
2001

o3[_8\8J[K<>6IC�Y/E1:3CK6
n = 1000

g¾ <>6I`sC
dn

Y�<dª�<aY3C�=kP3Of8;:
an

[�6IY
an+1

of<©8UVuO�Q©QaOXE-=U8;:R[K8
dn

YR< ªR<>YICK=
an+1 − an = (n + 1)2 + 500 − (n2 + 500) = 2n + 1

g
h :3CK6

dn

YR< ªR<>YICK=
n(2n + 1) = 2n2 + n

oM[�6IY�`;OR63=ACXÃ�BDC�6�8JQ cqo
dn

[�Q@=LO+Y�<dª�<aY3C�=
2n2 + n − 2an = n − 1000

g�¾ <@6I`;C
2n +1 − 2(n − 1000) = 2001

o�E1C%YIC�YRBD`sC8;:R[K8
dn | 2001

g¾ BIGIGIOR=LC
dn = 2001 = 3 · 23 · 29

g�h :3C�6
dn

<@=FY�<dª�<>=;<aP�QaC%P�c
3
o
23
of[�6IY

29
g¾ <>6I`sC

2n + 1 ≡ 0 (mod 3)
o�E1C1:R[«ªRC

2n ≡ −1 ≡ 2 (mod 3)
� 8;:R[K8U<@=_o

n ≡ 1 (mod 3)
g �,F �

¾ <>S <@Q@[XH\QdcÄoR=;<>6I`sC
2n + 1 ≡ 0 (mod 23)

oXE1C-:R[_ªRC
2n ≡ −1 ≡ 22

oIORH
n ≡ 11 (mod 23)

o � � �
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[X6IYT=;<>6I`sC
2n + 1 ≡ 0 (mod 29)

oXE1C-:R[«ªRC
2n ≡ −1 ≡ 28

o3ORH
n ≡ 14 (mod 29)

g � � �
lmGIGRQdc�<>6Ij18;:3CTpM:�<@6IC�=AC � CKS^[K<>6IY3C�H h :3CXORHJCKS [�6IY+BI=;<>6Ij18;:3C =;8\[X6IYR[XHJY+SºC«8;:3O3YqoE1CTQaC«8

M1 = 23 · 29 = 667
o
M2 = 3 · 29 = 87

[�6IY
M3 = 3 · 23 = 69

o[X6IY/E1C%8;:3C�6T=AO�QdªRC%8;:3CZVuO�Q@Q>OXE9<>6Ij%=\c3=s8sCKS O�VM`;OR6Ij_H\BDC�6I`sC�=�

667x ≡ 1 (mod 3)

o � � �

87x ≡ 1 (mod 23)
o � � �

69x ≡ 1 (mod 29)
g � � �

�Rc!HJO�BR8J<@6IC SºC«8;:3O3Y3=«oDE1C#®D6IYº8;:3C Q>C�[�=;8'GIOR=*<d8J<dªRC =AO�Q@BR8J<>OR63=9O�V � � �;o � � �;oM[X6IY � � �8sO+PIC
x1 = 1

o
x2 = 9

oM[�6IY
x3 = 8

oMHJC�=*GDC�`J8J<dªRC_Qdc g �-CK6I`;C�oM[T=LO�Q©BR8J<aOR6º8JOº8;:3C=\c3=s8sCKS ��F �;o � � �;oR[�6IY � � ��<>=kj«< ªRC�6^P�c
n = 1 · 667 · 1 + 11 · 87 · 9 + 14 · 69 · 8 = 17008 ≡ 1000 (mod 2001)

g
pMOR6fªRCKH\=LC_QdcÄoXE1:3C�6

n = 1000
oXE1C1:R[«ªRC

dn = gcd(10002 + 500, 10012 + 500)

= gcd(500 · 2001, 501 · 2001) = 2001
g

h :�BI=«o
2001

<>=m['ª�[�Q©BDC%VuORH
dn

� [_8\8J[K<>6IC�Y-E1:3CK6
n = 1000

� g�h :3CKHJC9`s[�636IOf8mP3CZ[�6fcQ>[�HJjKC�H?ª�[KQ@BDCZVuORH
dn

oR=;<>6I`sC
dn

YR< ªR<>YICK=
2001

g
È g 5a8M<@=�j«< ªRC�6Z8;:R[K8Ä8;:3C'GIO�QdcR6IORST<@[�Q

p(x) = x3+ax2+bx+c
:R[X=�8;:RHJCXC'YR<@=;8J<@6I`J8GDOR=;<©8J< ªRC9<>6�8JCXjKCKHFHJO3Of8J=k[X6IY

p(2002) = 2001
g n�C_8

q(x) = x2 − 2x + 2002
g 5a8<>=N[�Q@=LOºj«<dªRCK6º8;:R[K8F8;:3C#GIO�QdcR6IORST<@[�Q

p
(

q(x)
) :R[X=%6IOºHJCK[�Q�HJO3Of8\= g/É C_8JC�HJST<@6IC/8;:3Cª�[�Q©BDC1O�V

a
g

AR³�½��6
*&8/*% �3¶ 
«²s² 
 1�³f²s·R´ �«¸,
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�< �f²\°X·Ä±C
�� 	 -�´_¸a°���³ �M²\¶>»	: 
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��·�¶��6
«²\´;¶ &�°�& � +�� � � <�14-�
«·q³X´ + ¶a²C
«´ < + ².��
_·q¸>¶a·3° �^°X·�& �R°��«½7³X´ �Ì°�²J°��R³9-�&�°*:X¶@´"<
�3¶a²C
_°K´"<�	M² 
6
X± 
�3$��
�_¶��6
1¸��?
%´«³�½.-R¸>¶ ³f· /*%��M²\¶a»	:�
_²;<Ä»+³ &X¶ �?
*&(/�% ¸��?
 
*&X¶ ¸ ³f²�3

h :3CTGDO�Q c36IORS <>[KQ
q(x) = (x − 1)2 + 2001

8J[XiXC�=-OR6�CLªRC�H7cºª�[�Q©BDC <>6+8;:3C<>6�8JC�H7ª�[KQ
[2001, ∞)

g#¾ <>6I`sC
p
(

q(x)
) :R[X=Z6IOHJC�[KQ�HJO3Of8J=«oq[�Q©QM8;:RHJC�CTHJO3Of8\=9O�V

p(x)STBI=s8FPIC9Q>C�=*=m8;:R[�6
2001

gkÉ CK6IOf8J<>6IjN8;:3C9HJO3Of8J=kO�V
p(x)

P�c
x1

o
x2

o
x3

oXE1C1:R[«ªRC
p(x) = (x − x1)(x − x2)(x − x3)

g
h :3CK6

p(2002) = (2002 − x1)(2002 − x2)(2002 − x3) = 2001 = 3 · 23 · 29
g¾ <>6I`sC1C�[X`*:#Va[f`J8JORH

2002 − xi

<>=W[-GDOR=;<©8J< ªRCZ<>6�8JCXjKCKHLoXE1C9STBI=s8F:R[_ªRC
{2002 − x1

o
2002 − x2

o
2002 − x3} = {3

o
23
o
29}

o
[X6IY^:3CK6I`;C

{x1

o
x2

o
x3} = {1999

o
1979

o
1973}

g?h :3CK6
a = −(x1 + x2 + x3) = −5951

g
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���
 �z³f·q¸u»+³f² 
«·q±.%6< ��°��«°K½ <�� ��� �3¶,
_²s²C

1�³f²s·3´	�«¸ 
L¶a·�< �Ë°K¶@´_³f·R´�� ��° ��¸\¸,
�< �X²J°�·q± 
�� �R°��«½7³X´ �Ì°�²J°��R³9-�&�°*:X¶@´"< �3¶a²C
_°K´"< 	M² 
6
X± 
��°X·�& � &��k°�² & �*3 � 3 �-°�· ��<$�Z¶©½ @a²\¶ & ��° -X²\¶,
_² �M·R¶��6
_²¬´*¶ ¸�%�<$�-°R¸ 
«²\½ ³3³*< # � 3 ��
 �K¶��6

�-°X·�� � ´W´_³�½ -3¸>¶7³f· 3

n�C_8
f(N)

Y3C�6IOf8JC/8;:3C 6RBIS^PICKH%O�V �*CKHJO3C�=%[_8W8;:3CTC�6IY!O�V
N !
g-h :3C�6

f(N)CXÃ�BI[�Q@=q8;:3CF6RBIS^PICKHMO�V�Va[X`J8sORH\=�O�V
10
8;:R[_8ÄS^[«cZPICUVuORHsS^CXYN<@6

N !
g�¾ <>6I`sC

10 = 5×2[X6IYº8;:3C�HJC [�HJCT`sQ>C�[�HJQ cVuCÁE1C�H
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sin(∠RAM)

o
2ρb =

SM

sin(∠SBM)

g � � �
�IBR8
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sin(∠RAM) = sin(∠SBM)
g � � �

¨ HJORS �,F �;o � � �;oR[X6IY � � �;oXE1C-O3Pf8J[K<>6
ρa = ρb

g
Ç g�¨ <@6IY-[KQ@Q_ª�[�Q©BDC�=?O�V

n
VuORHDE1:�<a`*:Z[�Q©Qf=AO�Q@BR8J<>OR63=�O�VX8;:3C'CXÃ�BI[K8J<>OR6

x3−3x+n = 0[XHJCZ<>6�8JCXjKCKH\= g
AR³�½��6
*& /�% �3¶,
_²s²C
 1�³f²s·R´ �«¸,
Á¶>· < �Ì°_¶>´«³f·3´�����°���¸\¸ 
�< �f²\°X·Ä±C
���°�·?& �R°��«½7³X´
�Ì°�²J°��R³9-�&�°*:X¶@´"<��3¶a²C
_°K´"<�	M² 
6
X± 
�3 ��
�K¶��6
 1�³f²s·3´	�«¸ 
L¶a· � ´W´_³�½ -3¸>¶7³f· 3

5uVq8;:3C/j«< ªRC�6ºCXÃ�BI[K8J<>OR6:R[�='[�6^<@6�8sC�jKC�HFHJO3Of8
α
o�8;:3C�6

n = −α3 + 3α
<@='[�6<>6�8JCXjKCKH�8sO3O g�h :3CKHJCKVuORHJC�o�8;:3C%ª�[KQ@BDCK=kO�V

n
8;:R[K8?E1C9=LC�CXi1S BI=;8m[KQ@QÄP3C9<@6�8sC�jKC�H\= g

n�C_8
f(x) = x3 − 3x

g�h :3C9j«<dªRCK6TCXÃ�BI[K8J<>OR6#<@=U8;:3C�6
f(x) = −n

g?¾ 8sH\[�<>jK:f8;ÏVuORH¬E-[�HJY`sORS^GRBR8J[_8J<aOR63=k=L:3OXEÅ8;:R[_8
f
<>=W<>6I`;HJCK[X=;<>6Ij-OR6

(−∞, −1]
[�6IY

[1, +∞)
o[X6IY YIC�`;HJC�[�=*<@6IjZOR6

[−1, 1]
gm] ORHJCXOKªRC�HAo

f(−1) = 2
[�6IY

f(1) = −2
g�h :�BI=«oX8;:3CCXÃ�BI[K8J<>OR6

f(x) = −n
:R[X=k8;:RHJC�C#HJC�[KQMHJO3Of8J='<©V�[�6IY+OR6RQ cº<©V

|n| ≤ 2
gNh :3C�HJC_VuORHJCRo

n ∈ {−2
o
−1
o
0
o
1
o
2}
g'¨ BIH\8;:3CKHsS^ORHJCRoDOR6IC/O�VÄ8;:3C9<>6�8JCXjKCKHF=LO�Q©BR8J<aOR63=':R[�=W8JO^PIC

−1
o
0
oqORH

1
� 8;:�BI=_o

n ∈ {f(−1)
o
f(0)

o
f(1)} = {−2

o
0
o
2}
g/É <>HJC�`J8'`*:3C�`*iX<@6Ij=L:3OXE-=m8;:R[_8�8;:3C1Y3C�=;<>HJC�Y/ª�[�Q©BDC�=W[�HJC

n = −2
[X6IY

n = 2
g



� �*�

È gWÆ HJO�ªRC%8;:R[K8Lo�<©V
m = 5n + 3n + 1

<@=WGIH\<>S^CRof8;:3CK6
12
Y�<dª�<aY3C�=

n
g

AR³�½��6
*&8/*% �3¶ 
«²s² 
 1�³f²s·R´ �«¸,
Á¶>· < �Ì°_¶>´«³f·3´�����°���¸\¸ 
�< �f²\°X·Ä±C
�� 	 -�´_¸a°���³ �M²\¶>»	: 
«²;<
��·�¶��6
«²\´;¶ &�°�&(� +�� � � < 14-�
_·Ä³X´ + ¶>² 
Á´"< + ² ��
«·M¸>¶>·I°����R°!�Á½ ³X´ �Ë°X²\°6��³9-�&�°6:X¶>´ <��3¶a²C
_°K´"<
	M² 
6
X± 
��W°X·�& � &��k°X²C& �*3 � 3%�-°�· ��< �Z¶©½ @a²\¶ & ��°E-�²\¶ 
«² �M·R¶��6
_²¬´*¶ ¸�%�< �-°3¸,
_²\½7³3³*<# � 3
��
�K¶��6
 �M²\¶a»	:�
_²�� ´F´_³�½ -3¸>¶7³f· 3

�Rc�8;:3C É < ªR<@=*<>OR6!lUQajKORH\<©8;:RS+o�E1C+:R[_ªRC
n = 12q + r

VuORH-=AORSºC^<>6�8JCXjKCKH\=
q
[X6IY

r
=;BD`*:8;:R[K8

0 ≤ r ≤ 11
g 576!8;:3C VuO�Q@Q>OXE9<>6Ij18;:RHJC�Cº`J[X=AC�=NE1C/E9<©Q@Q�[XG3G3Q c¨ CKHsST[K8 � =9n_<d8\8JQaC h :3CXORHJCKS [X6IYTCKQ>C�S^C�6�8\[XH7c^`sOR6Ij_HJBDCK6I`;C-GIHJORGIC�H¬8J<aCK= g

��� ¦ ��� g
r
<@=kO3YIY � 8;:R[K8U<@=_o

r = 2k + 1
g?h :3C�6

m = 512q+2k+1 + 3n + 1 ≡
(

52
)6q(

52
)k

5 + 1 ≡ 5 + 1 ≡ 0 (mod 3)
g

��� ¦ ��� g
r = 2

o
r = 6

o3ORH
r = 10

� 8;:R[K8U<@=_o
r = 4k + 2

E9<©8;:
0 ≤ k ≤ 2

g?h :3C�6

m = 5n +312q+4k+2 +1 ≡
(

34
)3q(

34
)k

32 +1 ≡ 32 +1 ≡ 0 (mod 5)
g

��� ¦ ��� g
r = 4

ORH
r = 8

� 8;:R[K8U<@=
r = 4k

E9<©8;:
k = 1

ORH
k = 2

g�h :3C�6

m = 512q+4k + 312q+4k + 1 =
(

56
)2q(

54
)k

+
(

36
)2q(

34
)k

+ 1

≡ 2k + 4k + 1 ≡ 0 (mod 7)
g

¾ <>6I`sC
m
<>=1GIH\<>S^C[�6IY

m ≥ 9
oU6IOR6IC+O�VU8;:3C+`J[X=AC�=1[XPIOKªRC[XHJCºGDOR=*=*<>PRQ>C gh :�BI=«o

r = 0
oR[X6IY

12
Y�<dª�<aY3C�=

n
g

h :R[_8U`sORS^GRQaC«8sCK=?8;:�<>=U6RBISºP3C�H�O�VR8;:3C �Ä³f²s·?
«² g�h :�<@=U<@=U[9`J[�Q©QRVuORH�=AO�Q@BR8J<>OR63=	�HJC�[XYICKH\=#E9<©Q@Qk:R[«ªRC�6IOf8sC�YË8;:R[_8-E1C![XHJC�H\[�G3<>YRQ c�`sQaCK[XH\<>6Ij!O�BIH#P3[X`*iXQ>O3j![�6IY�E9<@Q©Q=LO3OR6�P3C^<>6�[GIOR=*<d8J<aOR6!8JO�G3BDP�Q@<@=L:�=LO�Q©BR8J<aOR63=%E9<©8;:�<@6�[TcRC�[�H9O�VFj«<dª�<>6Ij#8;:3C`;OR6IÏ8sCK=;8\=?<>6�
����������������������� ��!"���#� g�¯ Ck6ICXC�YZcRO�BIH�`sOR6�8sHJ<>PRBR8J<>OR63=mO�VR6R<>`;C'=AO�Q@BR8J<>OR63=[X6IY jKCK6IC�H\[KQ@< �;[K8J<>OR63=_oWGIHJC_VuC�H\[XPRQ cËE9<d8;:�<>6 ��SºOR6�8;:R=^O�Vk8;:3C�[�GIGIC�[�H\[X6I`sC O�Vk8;:3CGIHJO3P�QaCKS g


