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(x, y)
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0 ≤ x
v
y < p

3&5j;@Ng3&aXobNEZ]M�;SR/DykS?CZ]\bNX;@NE?CZ
y2 ≡ x3 − x (mod p)
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3&5j;@Ng3&aXo�;SR/D�kS?CZ]\bNX;@NE?CZ |BD| = |BC| = |CE| p6[R/?[K ;SRC5V;-;SR/Dºk<Ng8@k<u]Fd8:5[\CNXu]3d?ba£;SR/D';<8@Ng5[Z]MJBED

ADE
Ng3dDG»Cu]5jB>;<?�;SR/Dº\bNE3<;@5GZ]kSDA]DJ;¼K-D[DjZy;SR/DQNEZ]k<DGZb;<8@D)5GZ]\!;SR/D-k<Ng8@k<u]F_k<DGZb;<8@D-?ba9;SR/D#;<8@Ng5[Z]MJBED

ABC
p


 p6tGDV;
n
A/D)5-=]?C3&NP;@NPOCDQNEZb;@D[MjDj845[Z]\
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?ba

1
v
2
v
. . .

v
n
3&u9k&R);SRC5j;

xσ(i) − xσ(i+1) ≥ 1
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i ∈ {1
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. . .
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(a1, a2, . . . , an) ∈ �
n
v9;SR/Dj8@DfD&®GNE3<;

(b1, b2, . . . , bn) ∈ T
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(c1, c2, . . . , cn) ∈ T
3&u9k&R+;SRC5j;Ivba�?C84Dj5�k&R

i ∈ {1
v
2
v
. . .

v
n} v

ai = 1
2
(bi + ci)

v |ai − bi| ≤ d
v 5GZ]\ |ai − ci| ≤ d

p

	#?[K�K-D6;@u]8@Z-;@?�;SR/D#3�?bBguC;@NE?CZ/34?CZ-7/BlD1a�?C8�=]8@?/AbBlDjFd34?baC;SR/D��G`�`[` ���u]8:3�k&R��5�swq?CZb;@DG3<;>MJNPOCDjZfNgZ�� �G`�`��'°+�G`b���Cp
¡ p¯¢b?C8¿5Y=]?C3&NP;@NPOCD£NEZb;@D[MjDj8

n
v[kS?CZ/3SNl\/DG8e;SR/D13�»Cu]5G8@D6NEZQ;SR/D#wn5[8¼;<Dj3&Ng5[Z)=CBE5GZ]D£K-R/?C3�DOCDG8¼;@Nlk<DG3�5[8@D

A(0, 0)
v
B(n, 0)

v
C(n, n)

5[Z]\
D(0, n)

pdxnR/D_MV8@NE\r=]?bNEZb;:3-?baL;SR/DNEZb;@D[MjDj81BE5V;:;@Nlk<DyNgZ/3&NE\]Df?C8#?CZ�;SR/DdA/?bu]Z]\/5G8¤oº?ba�;SRbNg3�3�»Cu]5G8@Df5[8@Ddk<?bBl?bu]8@DG\rDjNP;SR/DG88@D[\r?C8#MV8@DGDGZ�NgZr3Su9k&R�5+K)5Vo�;SRC5V;#DIOCDG8¤o'u]ZCNX;Y3I»bu]5[8@DyNgZ';SR/DyBg5j;:;@NEkSDfRC5[3�D&®G5[k@;@BPo;¼K-?y8@DG\+OCDG8¼;@Nlk<DG3jp��)?[K Fd5GZ�of3&u9k&Rfk<?bBl?bu]8:NEZ]MV3£5[8@D�=9?C3&3&NEACBED��
�+�G¬ /0%E¨ ��ª )[­��/¨¤©V§<§S©� ��§<ª0#"! %¶©I¨lª$#�% 'V¨�# ��ª0#�&(' '*) %1%¶©+#�,�§1'[ª�+S©.-

wq?bBE?bu]8@NgZ]MV3¯K-RbNlk&Ry3&5j;@Ng3&aXo+;SR/D)MJNPOCDjZdkS?CZ]\bNX;@NE?CZ+K�NgBXBnA/D-k@5GBXBlDG\0/±Mj?/?/\21�p "�DK�NgBXB9=]8@?jOCDQ;SRC5j;�;SR/D�ZCu]F_A/DG8>?baqMj?/?/\fkS?bBE?bu]8@NgZ]MV3>NE3
2n+2 − 2

p
¢C?C8

n = 1
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NE3¯5jBE8@Dj5�\[o+8@D[\[³3I?!5[34;<?y?/Ab;:5GNgZf5+Mj?/?/\fk<?bBl?bu]8:NEZ]M�?ba9;SR/D)?C8@NEMJNEZ/5jB
(n + 1) × (n + 1)
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(2, 2)

p xnRbNE3fBEDG5[\/3!;<? 5iMj?/?/\kS?bBE?bu]8@NgZ]Md?baL;SR/D
n × n
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(0, 0)
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² NgZ�;SR/D�� Z]D±K 2ZCu]F_A/DG8:NEZ]MI³&pLxnR/DG8@D#5G8@D

an−1
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r0
5GZ]\
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p�{l;Ya�?bBgBE?[K)3#;SRC5V;

an = 2 × 2n−2 + an−1
p 6jNEZ]k<D

a1 = 1
v[K-D)Dj5[3SNgB of\]DG\Cu9k<DQ;SRC5j;

an = 2n − 1
p
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2n −1

Mj?/?/\+k<?bBl?bu]8:NEZ]MV3¯?bab;SR/D
(n+1)× (n+1)
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(1, 0)

5[Z]\
(0, 1)

p
xeR/D£;<?�;:5GB�ZCu]F_A/DG8�?ba]Mj?/?/\)kS?bBE?bu]8@NgZ]MV3LNE3

4 ·2n−1 +2(2n −1) = 2n+2 −2
p
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v
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vC5GZ]\
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AT

v
BT

v[5GZ]\
CT

v[8@DG3&=9DGk@;@NPOCDVBPoqp · 8@?GOCD;SRC5j;e;SR/DG8@D15[8@DYDS®G5�k@;@B oQ;¼K-?�=9?bNgZb;@3
P
5[Z]\

Q
NgZ�;SR/D1=CBE5GZ]D6a�?C8nK-RbNlk&R#;SR/D£;<8@Ng5[Z]MJBEDG3

AP BP CP

5GZ]\
AQBQCQ

5[8@D!D[»bu/NgBg5j;@DG8:5jB:p · 8@?jOCDCv]aEu]8:;SR/Dj8<Fd?C8@DCv];SRC5j;>;SR/D+BXNEZ]D
PQ

=/5[3&3IDj34;SRC8@?bu9MjR!;SR/D-k<Ng8@k<u]F_k<DGZb;<8@D-?ba9;SR/D#;<8@Ng5[Z]MJBED
ABC

p



T�`

�+�G¬ /0%E¨ ��ª )[­
%�¨ +��n©±¬  �'*%('V¨g¬X¬¶©+#��(� /C©Jª # ,�§1'[ª�+S©.-
"�DfDjF_A/D[\_;SR/D!79MJu]8@D!NEZ_;SR/Dfk<?CFd=CBlDS®d=CBE5GZ]Dy5GZ]\evna�?C813SNEFf=/BXNlk<NP;¶onvq\/DGZ]?�;@D5)=9?bNgZb;>?C8�NX;:36k<?CFd=CBlDS®-8@DG=/8@DG3�DGZb;:5j;@NE?CZdAGo!;SR/D�3�5GF_D�3&Fd5jBgB/BlDJ;:;<Dj8Jp "�NP;SR/?buC;¯BE?C3�3?ba£MjDGZ]Dj8:5GBXNX;¤oev¿K-D_3Su]=]=]?C3IDf;SRC5V;

a
v
b
v�5[Z]\

c
BXNlD�?CZr;SR/Ddu]ZCNX;)k<Ng8@k<BlD

Γ
v�3�?�;SRC5V;

aa = bb = cc = 1
p 	#?�;@D#;SRC5j;�;SR/D)=]?bNEZb;:3

p
5[Z]\

q
K-D)3�D[DGs+k@5[Z/Z]?�;¯BgNED)?CZ

Γ
ptGDV;

a′ ∈ Γ
5[Z]\

m 6∈ Γ
p-xeR/D!BgNgZ]D

aa′ =/5[3&3IDj3Y;SRC8@?bu9MjR m
NXa�5[Z]\�?CZCBPo�NXa

m + aa′m = a + a′ ´ ;SRC5V;1NE3Jv a′ = Tm(a)
v9K-R/DG8@D

Tm

\/DGZ]?�;@DG3Y;SR/D'h �?/AbNgu]3
;<8:5[Z/3Sa�?C8<Ff5j;@NE?CZ�\/Dj7]Z]D[\_AGo

Tm(z) =
1 − mz

m − z

pL24315-8@DG3Su/BX;IvCa�?C8
a′ v b′ v c′ ?CZ Γ

v
;SR/D�BgNgZ]DG3

aa′ v bb′ 5GZ]\ cc′ k<?CZ]k<u]845j; m
NXaq5GZ]\d?CZCBPo!Nga

a′ = Tm(a)
v
b′ = Tm(b)5[Z]\

c′ = Tm(c)
pxeR/D)3<;@5V;<DjF_DjZb;�;SRC5j;

a′b′c′ Ng36D[»bu/NgBg5j;@DG8:5jB9Ng3£3&u9k<kSDj3�3SNPOCDVBPofDG»Cu/N Ob5GBEDGZb;�;<?
•

a′ − c′

a′ − b
∈ {−ω

v −ω2} v[K-R/Dj8@D ω = exp(2πi/3)
v

• [Tm(m), Tm(a), Tm(b), Tm(c)] ∈ {−ω
v −ω2} v]K-R/Dj8@D [·, ·, ·, ·] \/DGZ]?�;@DG3;SR/D-kS8@?C3&3£8:5j;@NE?nv

• [Tm(m), Tm(a), Tm(b), Tm(c)] ∈ {−ω
v −ω2}

² 3SNEZ]k<D −ω
5[Z]\ −ω2 5[8@DkS?CZ�2lu9MV5V;<Dj3<³<v

• [m, a, b, c] ∈ {−ω
v −ω2}

² 3SNEZ]k<D
Tm
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p
5GZ]\

q
5[8@Di;SR/D|;¼K-?�=]?bNEZb;:3ºMJN OCDGZ AGo

[p, a, b, c] = −ω
v
[q, a, b, c] = −ω2 p 	Y?�;<Dd;SRC5j;

p
v

q 6= ∞ 3&NgZ]kSD
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Ng3Z]?�;4DG»Cu/NXBE5V;<Dj8:5GB¼pq2¯Bg3I?nv[al8@?CF
[q, a, b, c] = [p, a, b, c]

v�5[ZyDG5G3:oyk<5jBlk<u/Bg5j;@NE?CZ)oCNEDjBE\/3
q = 1/p
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p

tj5-=/8@DjubOCD)=/5[848��D[k<u]8@8@DGZ]k<D-DG3<;>kS?CFf=/B �DV;@D]p
6jN

n
O��Dj8@NX7nD�Bg5!k<?CZ]\CNP;@Nl?CZ ² ^J³Sv/5GBE?C8:3£NgBnZ�2 DG3<;>=]5G3Yk<?CFd=]?C3 �D)5Gu_=CBgu]31\]D+\/Dju�®k&RbN��e8@DG3jpH{�BYZ]D�=]DjuC;��DV;<8@Dik<?CFd=]?C3 �D�\�2 u]Z�3�Dju/BYk&RbN��e8@D

a1
vYk@5[8y3SNEZ]?CZ�?CZ}5ju]8:5

a1 = a1 + 1
p weR/DG8@k&R/?CZ/3+7]Z/5GBEDGFdDGZb;�BEDG3!DjZb;@NlDj8:3

n
\]D_BE5�a�?C8@F_D

10a2 + a1;<DVBE36»Cu9D
n = (a2 + 1) × (a1 + 1)

p¯m£Zf5)5GBE?C8:3j°
10a2 + a1 = (a2 + 1) × (a1 + 1)

p
� 2 ?��u

(9 − a1) × a2 = 1
v/kSDGk<N]NEFf=/BXNl»bu9D-»bu9D

a1 = 8
DJ;

a2 = 1
pt�2 u]ZCNE»Cu9D)3I?bBXuC;@Nl?CZy5Gud=/8@?/ACB �DGFdD-Dj3S;4\]?CZ]k4B 2 DGZb;@NEDG8

18
p

¸ p�xeRC8@DGD)8@DG5jBnZCu]FdA]Dj8:3
a
v
b
v
c ≥ 0

3�5V;@NE3SaXo
a2 ≤ b2 + c2, b2 ≤ c2 + a2, c2 ≤ a2 + b2 p

· 8@?GOCD#;SR/D�NEZ]DG»Cu]5jBgNP;¶o
(a + b + c)(a2 + b2 + c2)(a3 + b3 + c3) ≥ 4(a6 + b6 + c6)

p
"�R/DGZd\]?/Dj36D[»bu]5GBXNX;¤odR/?bBE\.�
�+�G¬ 	G©[« )[­ �/¨¤©V§<§S©  ��§<ª*# ! %¤©±¨Eª #
%
'j¨ #���ª*#*& ' ' ) %1%¤© #�,�§1'[ª�+S©�� � ©[«�/V¬(' ��- % /[§ %l­ #
� � 	G©V§ # � ��#���� � � 'Gªe« 'V¨������ / # � �G¬�� 	���� � /GªC¨ %�­�	��G¬X¬¶© -C©+# �Q¨Eª %¤©V§	��' 	G©Jª # , '*#
��� � -��!© / #V©	����� /�
 # �e§&© #V©Jª %�'0%E¨ ��ª -

�Co!;SR/D)we5ju9k&R[o]µ 6[k&R[K)5[8¼ÀY{¤Z]DG»Cu]5jBgNP;¶onv�K-D)RC5JOCD
(a + b + c)(a3 + b3 + c3) ≥ (a2 + b2 + c2)2

p
xeRbu]3Jv

(a + b + c)(a2 + b2 + c2)(a3 + b3 + c3) ≥ (a2 + b2 + c2)3
p



T*�

xeR/Dj8@Dja�?C8@DbvCNP;LK�NgBXB93Su���k<DQ;<?!=]8@?jOCDQ;SRC5j;

(a2 + b2 + c2)3 ≥ 4(a6 + b6 + c6)
p

"�D-RC5JOCD

(a2 + b2 + c2)3 = (a6 + b6 + c6) + 6(abc)2

+3(a2b4 + b2c4 + c2a4 + a4b2 + b4c2 + c4a2)

= 4(a6 + b6 + c6) + 12(abc)2

+3(a2 + b2 − c2)(b2 + c2 − a2)(c2 + a2 − b2)

≥ 4(a6 + b6 + c6)
v

3&NgZ]kSD
a2 ≤ b2 + c2 v b2 ≤ c2 + a2 v95[Z]\ c2 ≤ a2 + b2 p�1C»Cu]5jBgNP;¶o�R/?bBE\/31NXa�5GZ]\?CZCBPo!Ngaq?CZ]D)?ba

a
v
b
v
c
Ng3

0
5[Z]\+;SR/D-?�;SR/Dj8�;¼K-?!5[8@D)D[»bu]5GB¼p

¹ p>tGDV;
p
A/DY5#=]8:NEFdDYZCu]F_A/DG8�5[Z]\

m
5#=]?C3&NP;@NPOCD6NEZb;@D[MjDj8Jp�6[R/?[K�;SRC5j;q;SR/DG8@D#DS®[Ng3S;:35'=]?C3&NP;@NPOCDdNgZb;<DGMjDG8

n
3&u9k&R�;SRC5V;#;SR/D'\]DGk<NEFf5GB¯8@DG=/8@DG3�DGZb;:5j;@NE?CZi?ba

pn
kS?CZb;:5GNgZ/3+53S;<8:NEZ]M�?ba

m
kS?CZ/3�D[k<uC;@N OCD

0
3Gp

�+�G¬ /0%E¨ ��ªe« )[­��/¨¤©V§<§S©� ��§<ª0#"! %¶©I¨lª$#�% 'V¨�# ��ª0#�&(' '*) %1%¶©+#�,�§1'[ª�+S©.-
��� /�%�� p

p /∈ {2
v
5} pxeR/DjZ

p
Ng3!k<?C=]8:NEFdDd;@?

10m+1 p ��DGZ]k<DCv¯AGor;SR/D 1�u/BlDj8SµI¢CDj8<Ff5j;QxnR/D[?C8@DjF�v;SR/DG8@D D&®GNE3<;@3
n > 0

3Su9k&R ;SRC5j;
pn ≡ 1

(

mod 10m+1
) ² a�?C8 D&®G5GFd=CBlDbv

n = φ(10m+1)
³�pd{l;Ya�?bBXBl?[K)31;SRC5j;6;SR/Dd\/D[k<NgFd5jB�DS®�=/5[Z/3SNl?CZr?ba

pn
RC5[3Y;SR/Dya�?C8<F

q0 . . . 01
vqK-R/Dj8@D

q
NE3#;SR/D_\/D[k<NgFd5jB¯DS®�=/5[Z/3SNl?CZº?ba¯3I?CFdDf=9?C3SNX;@N OCDfNgZb;<DGMjDG8

q
5GZ]\;SR/DG8@D)5G8@D

m
kS?CZ/3�D[k<uC;@N OCD

0
31A/DV;¼K-DGDGZ

q
5GZ]\

1
p

��� /�%�� p
p = 2

p
243Y5[A]?jOCDCvC;SR/DG8@D!D&®GNE3<;@3

a > 0
3&u9k&Ry;SRC5j;

2a ≡ 1
(

mod 52m
) pQ{l;£a�?bBXBl?[K)3

;SRC5j;
2a+2m − 22m ≡ 0

(

mod 102m
) p£xnRbu]3Vv

2a+2m − 22m
kS?CZb;:5GNgZ/315!3<;<8@NgZ]M?ba

2m
k<?CZ/3IDGk<uC;@NPOCD

0
3jp

�]uC;Ive3SNEZ]k<D
22m = 4m < 10m

v];SR/Df\/D[k<NgFd5jB�D&®[=]5GZ/3&NE?CZ�?ba
22m

\]?/Dj3#Z]?�;u]3IDrFd?C8@D';SRC5GZ
m
\bNlMJNP;@3jp {l;-a�?bBXBl?[K)3-;SRC5j;);SR/Dº\/D[k<NgFd5jB1DS®�=/5[Z/3SNl?CZ�?ba

2a+2mkS?CZb;:5GNgZ/365)3S;<8:NEZ]M�?ba
m
kS?CZ/3�D[k<uC;@N OCD

0
3Vvb5[36\]Dj3&Ng8@D[\qp

��� /�%�	 p
p = 5

p
243Y5[A]?jOCDCvC;SR/DG8@D!D&®GNE3<;@3

a > 0
3&u9k&Ry;SRC5j;

5a ≡ 1
(

mod 24m
) pQ{l;£a�?bBXBl?[K)3

;SRC5j;
5a+4m − 54m ≡ 0

(

mod 104m
) p£xnRbu]3Vv

5a+4m − 54m
kS?CZb;:5GNgZ/315!3<;<8@NgZ]M?ba

4m
k<?CZ/3IDGk<uC;@NPOCD

0
3jp

�]uC;Iv¯3SNEZ]k<D
54m < 103m

v�;SR/D'\]DGk<NEFf5GB4D&®[=]5GZ/3&NE?CZi?ba
54m

\/?/DG3-Z]?�;Qu]3IDF_?C8@D¯;SRC5[Z
3m

\CNEMJNX;:3GpL{l;na�?bBXBl?[K)3n;SRC5j;9;SR/D£\/D[k<NgFd5jB�DS®�=/5[Z/3SNl?CZQ?ba
5a+4m

k<?CZb;@5jNEZ/35-3<;<8@NgZ]M�?ba
m
k<?CZ/3IDGk<uC;@NPOCD

0
3JvC5[36\/DG3SNE8@DG\¿p
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	#DS®G;)K-D';@u]8@Z ;@? 8@Dj5�\/DG8:3 2¯3I?bBXuC;@Nl?CZ/3+;<? =/8@?/ACBEDGFf3d?ba6;SR/Di^ � UXW h|D&®GNlk@5[Zhi5j;SR/DjFd5V;@Nlk@5GBnm>BPoCFd=CNE5[\dMJN OCDGZyNgZ�� �G`�`��'°+�-��� � �-�[� �bp
¡ p>tGDJ;

A
v
B
v
C
vG5GZ]\

D
A]DYk<Ng8@k<BlDj3�3&u9k&R#;SRC5j; ² NP³

A
5GZ]\

B
5[8@DYD&®j;<Dj8<Z/5jBgB oQ;@5GZ]MjDGZb;5j;

P
v ² NXNP³

B
5GZ]\

C
5[8@DyDS®G;@DG8@Z/5GBXBPod;:5[Z]MjDjZb;Y5V;

Q
v ² NXNgN ³

C
5GZ]\

D
5G8@DfDS®G;@DG8@Z/5GBXBPo;@5GZ]MjDGZb;£5j;

R
v]5GZ]\ ² NPO[³

D
5[Z]\

A
5G8@D!DS®G;@DG8@Z/5GBXBPoy;:5[Z]MjDjZb;£5j;

S
p4243&3&u]FdD�;SRC5V;

A5[Z]\
C
\]?yZ]?�;¯NgZb;<Dj8:3IDGk@;45[Z]\+;SRC5j;

B
5GZ]\

D
\]?yZ]?�;¯NgZb;<Dj8:3IDGk@;Jp

² 5J³ · 8@?jOCDQ;SRC5V;
P
v
Q
v
R
vC5GZ]\

S
BgNED)?CZf5-k<NE8@k<BED]p

² A�³+243&3&u]FdD#aEu]8¼;SR/DG8L;SRC5V;
A
5GZ]\

C
RC5JOCD�8:5[\CNXu]3

2
v
B
5[Z]\

D
RC5JOCDQ8:5�\bNgu]3

3
vb5GZ]\;SR/D�\CNg3S;:5[Z]k<D�A]DJ;¼K-D[DjZ+;SR/D)k<DGZb;<8@Dj36?ba

A
5GZ]\

C
NE3

6
p��£DJ;<Dj8<FyNEZ]D#;SR/DQ5[8@Dj5)?ba

PQRS
p

�+�G¬ /0%E¨ ��ª )[­ 
L©����q§S©J­ � -���'[ªn«�'j¬X¬ #
��' �'«]©Jª #�	��(# ��� � -
² 5J³
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A

B

C

D

P

Q
R

S
α

β

β

γ

γ

δ

δ

α

�>8:5VK�;SR/D6k<?CFdFd?CZQNEZb;@DG8@Z/5GBj;@5GZ]MjDGZb;:3L5V;
P
v
Q
v
R
vj5[Z]\

S
vj5[Z]\#BE5[A]DVB[5[Z]MJBEDG3

α
v
β
v
γ
vC5GZ]\

δ
5[3£3�R/?[K)ZyNgZ!;SR/D)\CNg5�MV8:5GFH5[A]?jOCD]p�6jNEZ]k<DQ;SR/D�3&u]FH?ba9;SR/DQNgZb;<Dj8<Z/5jB5[Z]MJBEDG3¯NgZy»Cu]5[\/8:NgBg5j;@DG8:5jB

PQRS
NE3

360◦ v[NP;�a�?bBgBE?[K)3L;SRC5j; α + β + γ + δ = 180◦ p�)DjZ]kSDbvb?C=/=9?C3SNX;@DY5GZ]MJBlDj34?ba
PQRS

5[8@DY3Su]=]=CBlDjF_DjZb;@5G8¤o¿p¿xeRbu]3Jv
PQRS

NE3¯k¶oCk<BgNEkVp
² A[³YtGDV;

A′ v B′ v C′ v D′ A/D-;SR/D!kSDjZb;<8@DG3#?baq;SR/Dk<NE8@k<BEDG3
A
v
B
v
C
v
D
v95GZ]\dBlDJ;

A′C′ 5GZ]\ B′D′ F_DGDV;5j;
E
p(6jNgZ]kSD

A′B′C′D′ Ng3�5£8SR/?CFdACu]3JvJ;SR/D6\CNg5�Mj?CZ/5jBE3
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=
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=
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5

p
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SP =
2

5
· 8 =

16

5

5GZ]\
SR =

3

5
· 6 =

18

5

p4¢[NEZ/5jBgB oev

[PQRS] = SP · SR =
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an

v
an + 2n−1 v an + 2 · 2n−1 v . . .

v
an + (p − n)2n−1 p

{l;£a�?bBgBE?[K)36NEFfF_DG\CNg5j;@DjB of;SRC5V;
an+1 = 2an + 2n−1 p�6jNEZ]k<D a1 = 1

vCK-D!\/D[\bu9kSD;SRC5j;
an = (n + 1)2n−2

p�xnR/D)=]8@?/AbBlDjFH5G3Is[3>a�?C8
a2000

p "�D)RC5VOCD
a2000 = 2001 × 21998 = 21998 × 3 × 23 × 29

p
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A
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v
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v[K-D)\]DG\Cu9k<DQ;SRC5j;LK-D)k<5GZdkS?CZ/3<;<8@u9k@;45V;4F_?C3<;

2 ×
(

4
1

)

+ 4 ×
(
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(
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4
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v6K-D|MjDV;
HD ⊥ AB

p�xnRbu]3Vv
∠DBF = ∠ADH = 90◦ p6jNEZ]k<D

∠HBE = 90◦ v[K-D)RC5VOCD
∠DBF = ∠HBE ´ ;SRC5j;¯Ng3Vv

∠DBH + ∠HBF = ∠HBF + ∠FBE
p

xeRbu]3Jv
∠DBH = ∠FBE

p�6jNgZ]kSD
AH = BH

v9K-DfRC5VOCD
∠DAH = ∠DBH

v5[Z]\dR/DjZ]kSDbv
∠FBE = ∠DAH

p ² �±³
{l;¯a�?bBgBE?[K)3>al8@?CF ² ^±³L5[Z]\ ² �J³¿;SRC5V; 4FBE ∼ 4DAM

p¿xeRbu]3Jv
EF : DM = BE : AM = EC : MC

p ² �±³
6jNEZ]k<D

∠FEC = 180◦ − ∠BEF = 180◦ − ∠DMA = ∠DMC
vbNX;¯a�?bBgBE?[K)3 ² NEZOCNEDJK ?ba ² �J³�³>;SRC5V; 4FEC ∼ 4DMC

p���DGZ]k<DCv
∠ECF = ∠MCD ´ ;SRC5V;#NE3Jv

∠BCF = ∠ACD
p

xeRC5V;|kS?CFf=/BEDV;@DG3�;SR/D 	���§<ªn©V§ra�?C8r;SRbNE3iNE3&3&u9D/p xeRbNg3|NE3|Z]?[K m>B o/Ff=/Ng5�\
6[DG5G3I?CZ¿p 6[DjZ]\iFdDfoC?bu]8)m>BPoCFd=CNE5[\�Ff5j;@DG8:NE5jBE3Jv�5[3QK-DVBgB¯5[3QoC?bu]8�ZCNlk<D�3�?bBguC;@NE?CZ/35[Z]\dMjDjZ]DG8:5jBgNPÀS5j;@NE?CZ/34;<?!=]8@?/AbBlDjFd3>a�DG5V;@u]8@D[\yNgZ!;SR/D 	���§<ªe©J§±p


