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∠ADX = ∠BCX < 90◦ ~C�:�
∠DAX = ∠CBX < 90◦ ¦��:�v���E���<�E~Z�

∠AY B = 2∠ADX
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(
x + g(y)

)
= xf(y) − yf(x) + g(x)
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OD + DH = OE + EH = OF + FH~^�:�#�<�2���8�8�:�C�
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B3 ã �T�Y�`�¥��<�2�0�<�E�:���¥�v�J�E�2�
a1
¦
a2
¦
a3
¦
a4
¦
a5
¦
a6 ∈ A

~C�:�
a1 + a2 + a3 = a4 + a5 + a6�J���2� �!�<�E~Z�|�<�2�?�T�CÔE�N���:�<���

(a1, a2, a3)
~^�:�

(a4, a5, a6)
~^�v���o�2�C���v�J�S~��À�:�A�v�A~�N���S�¡�E�v~Z�v�o�E�t� Ù �E�Ö~¡�j�Z� X

�����v�C~��t�E�:�Ò�2�C�H�Y¦U�o�Y�
D(X)

�2�C�:�>�v�0�<�2�¡�E�¥ät���v�C�:�S��T�Y� {|x − y| : x
¦
y ∈ X} �ÖÝ:�v�C�E�%�<�E~��7�8� A = {0 = a0 < a1 < a2 < · · · } ~C�:�

B = {0 = b0 < b1 < b2 < · · · } ~^�v���8�EåN�E���S�,�j�^Ô��N�C�:�S�C�4���h�v��~C�U�E�:�?�:���H�X�����<�
D(A) = D(B)
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B3 ã �T�Y�T¦>�<�2��� A = B
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¦
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M(P )
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P (n) = 0
~^�:�%�0�|�v~^�.���Y��o�v�E� ~^�>�

Q ∈ M(P )
~0�:�����E�:�E���8~C�

Q′ �<�N�)�.�<�E~�� Q′(n) = 0
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n ≥ 4
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A1A2 . . . An
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(bi, ci)
���t�v��~C�O�E�:�?�:���H�|�T�#�<�E~��

AiAj = bjci − bicj
�Q�E�R~��8�
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1 ≤ i < j ≤ n
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c > 2b > 4a
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n
¦

F (4n) = F (2n) + F (n)
¦

F (4n + 2) = F (4n) + 1
¦ ~C�:�

F (2n + 1) = F (2n) + 1
�°Ý:�v�C�E�!�<�E~��T¦Ö�Q�E����~>�)�ª�:�E�)���v���E�A�J���v�^�����

m
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n
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0 ≤ n < 2m ~C�:�
F (4n) = F (3n)
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F (2m+1)
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∠ABQ = ∠BAS

�
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� �<ÓC�N�0�b�v�:�S�%�S���j���8�E�v�J�E�2�À�C�,���:�O�v�C~^�:���H�t�S���2�v�2�E�J�C���`���C�<�2���7�o�Y�S�2~^�?�C�j���~��<�2���?~Z�v�o�v~C�U§h�E���N�Y�v�¥�v�J�E�   �^�E���H�^�^�  ��E �� ��� �
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P
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OP = d < R
�O£b�Ò�E�:�Ö~��8�E�<�E�>�E�<Ó�ÔE�:~^�2�H�8�8~��v�C�S�~C�8�
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¦^�J�2�j�<�v�J�:�C�#�8�.�<�2�,�S�8�v�S�o���<�N�)�0�<�E~����<�2���8�b���J~^���E�2~C�8�
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P
¦À�2�Z�v�C�v���8�:�¡�<�2�Ò�E�:���|�0���o�)�A�E~Y�E�¡�<�2�Ò�Z�v��~��v�C�S��N���v�8�Ò�Y�S���R~^�:���<�2�#�E�:���R�0���J�)�Õ�E~Y�E�,�<�2�.�)�?~��8�J�C�S�R�:�C�H�J�?�Z�v�C�Ø�|§O~��o�S�2�8~��v�,�<�2���T��N���v�8�Ò�Y�S���H�R�J�#�v�C�v�?�Ö���
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}C�Z�
ABCD

�:�|~�Ô��:~>�E�v�¥�J~Z�S���H~C�2�)~��v�8�)�¥���J�:�X�<�2���Y� �E�C�#�<�E�:���¥�v�J�E�2�Z¦^~^�:�0�J�Z�
p�:���:�>�S�����v�R�:�C�H�J�?�Z�v�C�Ø�À¨U�2�C�

p2 = (AB + BC + CD + DA)2

= AB2 + CD2 + BC2 + DA2 + 2(AB · CD + AD · BC)

+ 2(AB · AD + CB · CD) + 2(BA · BC + DA · DC)
�

� �^�
AB2 + CD2 = BC2 + DA2 = 4R2 � �   �

ÝE�S���J�C�.��� �X¨O�2�C�E�v�C�Ú�Y� �E�C�X�:�
AB · CD + AD · BC = AC · BD

�
£7�J�j�U¦^�����<�¡�j�E�Ò�|�0�E�S¢#�E�:�,�2���H~C�8�2�

AC2 + BD2 = 8R2 − 4d2 �
	,���:�<��¦
2AC · BD = (AC + BD)2 − 8R2 + 4d2 � � � �

¨O���:�Y¦
2(AB · CD + AD · BC) = (AC + BD)2 − 8R2 + 4d2 � ��� �

Ù �:�m�<�2�C�v�Ò�E�v��¦
2(AB · AD + CB · CD) = 4R · AC

¦ �� �

~^�:�
2(BA · BC + DA · DC) = 4R · BD

� ��� �

�Ö�)�8�:� �   �<¦ ��� �<¦ �� �<¦E~^�:� ��� ���8�?���:�X�<Ó>�2�v�C�)�)�J�E�¡�Q�E�
p2 ¦^�0�,���Z�

p2 = (AC + BD)2 + 4R(AC + BD) + 4d2 �
§h�E�2�j�^Ô��N�C���v� �O¦b�<�2�!��~YÓC�J�¡�:� � �v���j�:�^�v�v� �E��� �O¦X�¡�J�E�8���:� �,���

p
�S�E�S�v���j�:�E�:�2�.�v��<�2�#��~YÓC�J�¡�:� � �v���j�:�^�v�v� �E��� �O¦U�¡�J�E�8���:� �X���

AC + BD
¦E�0���o�)�U¦:�J�����o�Ø����� � � �<¦�<�E�v�v�C�)�N�E�:�E�Ö�v�¡�<�2�0��~YÓC�J�¡�:� � �v���j�:�^�v�v� �E��� �O¦:�¡�J�E�8���:� �b���

AC · BD
� � �>�v�8�:��<�E~��

2AC · BD = 8R2 − 4d2 − (AC − BD)2
¦

�0�A�S�E�:�S�8�N�2�Õ�<�E~����<�2�*�?~ØÓ^�8���:� � �v���j�:�^�v�v� �E��� �O¦b���8�E�J�¡�:� �����
p
�S�E�S�v���j�:�E�:�2��S���<�2�¡�¡�J�E�8���:� � �v���j�:�^�v�v� �E��� �O¦U�?~ØÓ^�8���:� �R��� |AC − BD| � � �Ö�Q���8�J�^�,�Ö�<�E~�� p�J�0�?~ØÓ^�8�����)�^�*�0�2�C�

AC = BD
¦`~^�:�

p
�J�0���8�E�J�¡���)�C�!�0�2���

AC = 2R
~C�:�

BD = 2
√

R2 − d2
� �<�2�|��~YÓC�J�¡�:�à~C�:�0���8�E�J�¡�:�à�N�E�)�)�J�E�J�Ö�o���:�Ø�<�E�`�Q�E��~%�)�2�E�v��<�E�v���N���

P
�)�
	,���:�<��¦

p2
max = 16R2 − 4d2 + 8R

√

4R2 − 2d2
¦

~^�:�
p2
min = 16R2 + 16R

√

R2 − d2
�
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c:V^DKIK;>\ � L,BU;:IKW � �!�Ò�v~^�*�<�2���¬�2���H~C�8�*�<�2�¡�Q���8�J�^���J�:�¡�)Ó^�:�v���j�<�o�E�2�%�Q�E� pmax~^�:�
pmin

�

pmax = 2
(√

2R +
√

2R2 − d2
)

=

(√√
2R − d +

√√
2R + d

)2 ¦

pmin = 2
√

2R
(√

R + d +
√

R − d
) �

 �Õ}C�Y�Ö�<�2���v�?�2�?�Y� �E�C�!~.�0�2���J�¡�E�:�Ò�2�C�
n > 1

¦h�:�>�%�E� �E�8�)�J�E�J���C�
1997

�§h�E�2�<�o�2�C�À�m�0�¡�j�^Ô��N�C�:�S�C�4���U�E�:�Ò�2�C�H� {ai}
~^�:� {bj}

�:�ZåN�:�C�?�C� �

ai = i +
ni

1997

�
i = 1

¦
2
¦
3
¦
. . .
¦
1996

�O¦

bj = j +
1997j

n

�
j = 1

¦
2
¦
3
¦
. . .
¦
n − 1

�h�
�E�.~C�S�H~C�:�Y�J�:�Ö�<�2�|�E�:�Ò�2�C�H�X���E�<�2���T�Ö�m�0�0�j�^Ô��N�C�:�S�C�7�8�0�J�:�<�v��~^�<�J�:�|�E�v�2�C�j¦��0�����Y��<�2�,�T�CÔE�N���:�<�

c1 ≤ c2 ≤ · · · ≤ c1995+n
�

Ý:�v�C�E�%�<�E~��
ck+1 − ck < 2

�Q�E�b�T�E�C�F�
k = 1

¦
2
¦
. . .
¦
1994 + n

�
nE;C6FqCW^V M>r-k³;>P:GC=?=*W^V�5XGCL)L)D¥6oG�f nEIQ\vG�L�M2;N@C\Hu�f �^\vGCBO9SW���GCBOV [2DFWZ\S\<W

× ;>\SB2L��YIKWTDoBEf`[N;>BOIK;CD8LZWØf �^\vGCBO9SW�a�d#W%uZDKqCW0IQPOW%LY;C6H@EIJDK;>BÕ;^] × ;>\SB2L��YIKWTDoBha
Ù �8�H�<�U�:�>�S�7�<�E~�� {ai}

~^�:� {bj}
~^�v�7�m�0�|�8�:�<�v�C~C�)�8�:�b~^�H�¥�<�E�?�Z�v�J�S~��C�T�CÔE�N���:�<���Z¦

���¥�<�����8äh�C�v���:�<�
α = 1 +

n

1997

~^�:�
β = 1 +

1997

n

¦��v�C�)�N�C�v�v���E�Z���h�
}C�Z�

i ∈ {1
¦

. . .
¦
1996} ~C�:� j ∈ {1

¦
. . .

¦
n − 1} ¦b~C�:���)�:�2�N�E�j�Ò�<�E~��

ai = bj
�#¨U�2�C�

ni = 1997j
�Ò«��8�:�<�

1997
�8���2�v�8�Ò��~C�:�

n 6≡ 0 (mod 1997)
¦�0�*�2�^���N�<�?�<�E~��

gcd(n, 1997) = 1
� Ù �v�E���`~��:�j� � �,¨O�2�C�E�v�C�*¦��0���<�2���©�E~Y�E�

i ≡ 0 (mod 1997)
¦^�0���o�)�#�8�X�J���N�E�)�)�J�E�J�:� � �7�Q���8�J�^�,�b�<�E~Z�

ai 6= bj
�

�	� 
�����������:�
n < 1997

�
�!�0��~^�<�8� �¡�j�^�%�<�E~Z�

α < 2 < β
¦ �   �

~^�:�
a1 < b1

¦ � � �
�0���o�)�#�J���2�¥�o���b�<�E~Z�

c1 = a1
�R�©�E�v�C�C�E���T¦ a1996

bn−1

=
1996n

1997(n − 1)
> 1

��¨O�2���O¦

bn−1 < a1996
¦ ��� �

�0���o�)�#�J���2�¥�o���b�<�E~Z�
c1995+n = a1996

�
�	��������� Ù �E�X�T�E�C�F� j ∈ {1

¦
. . .
¦
n − 2} ¦��<�2�C�v�.�<Ó^�8�<�H� i ∈ {1

¦
. . .
¦
1996} �<�N�)��<�E~��

bj < ai < bj+1
�

[N\);2;^]Ha «��:�2�N�E�j�E¦ �Q�E���<�2�°�E�:�S�:�E�T�°���³�<�E���S�H~^�E�J�v�v�o�E�O¦³�<�E~Z���<�2�C�v� �<Ó^�8�<�H�
j ∈ {1

¦
. . .
¦
n − 2} �<�N�)�*�<�E~��|�<�2�?�8���S���F��~C� [bj , bj+1]

�:�2���0�:�>���S�E���v~��J�¬~C�>����7�<�2�
ai

� ���l}C�Z�
p
�2���<�2�*�Z�v��~��v�C�S���8�:�:�<Ó!�<�N�)�!�<�E~Z�

ap < bj

� �<�N�)�¬~
p
�2�2�C�



��� �

�)ÓC�J�S�T¦N�)�8�:�<�
a1 < b1 ≤ bj

�)�|¨U�2�C�
p < 1996

� �<�J�:�S�
bj < bn−1 < a1996

�S¦U~C�:�
ap < bj < bj+1 < ap+1

� � �X�Q���8�J�^�,�X�<�E~��
α = ap+1 − ap > bj+1 − bj = β

¦�0���o�)���<�E���S�H~^�E�J�v�v� �   �j��¨O���:�Y¦��<�2���o���?��~��J�R�2�v�C�E�C�t�
� �R�Q���¥�o�^�,�R�o�v�E� �<�2�0�J�C���?~,�<�E~��T¦:�Q�E�R�T�E�C�F�

k ∈ {1
¦
. . .
¦
1994 + n} ¦E�0�~^�v���J�?�E�:�,���N�<�2���<�E�v�C���Q���8�J�^���J�:���v~^�j�C� �

� ~��
ck = ai

~^�:�
ck+1 = ai+1

�Q�E�7�j�E�Ò�
i
�À¨U�2�C�

ck+1 − ck = α < 2
�

� ���
ck = ai

~^�:�
ck+1 = bj

�Q�E�N�T�E�?�
i < 1996

� �o�v�E� ��� � �2~^�:�%�j�E�Ò�
j ≤ n−1

�¨O�2���
bj < ai+1

~C�:�
ck+1 − ck < ai+1 − ai = α < 2

�
� � �

ck = bj
~^�:�

ck+1 = ai
�Q�E�X�j�E�Ò�

i > 1
� �o�v�E� � � � �`~^�:���T�E�?�

j ≤ n − 1
�¨O�2���

ai−1 < bj
~^�:�

ck+1 − ck < ai − ai−1 = α < 2
�

� �Ò��~>�)���v~^�j�E¦C�0�0�E~Y�E�
ck+1 − ck < 2

¦E~C�Ö�:���)�8�v�^�h�
� ��������� �������:�

n > 1997
�

¨O���8�Ö�v~^�j�%�J�X�C�)�T�����v�J~��8� �0�<�2���j~C�Ò��~C�7�<�2��å:�H�<�7�S~C�T� � �)�8�?�E���.�8���S���v�)�E~^�:���
n���¥�<�

1997
~C�:�

a
���¥�<�

b
� ~^�:��~��J�j�

α
�����<�

β
�)�

Û � 	��^� �?~C�>�*�J�:�:�v�v�o�E�2�
f : 	 ∗ → 	 ∗ ~C�v�#�<�2�C�v�#�<�E~Z�%�<�J�¡�2�¥�H~^�:�C���:�)� ��j~Z�v�J�<�¥�.�<�2���m�0�.�Q���8�J�^���J�:���<�E�:���¥�v�J�E�2� �

� � �
f(1) = 1

¦
� �¥� �

f(n) · f(n + 2) =
(
f(n + 1)

)2
+ 1997

�Q�E�b~��8�
n ∈ 	 ∗ á

� 	 ∗ �2�C�:�>�v�C�b�<�2�,�j�Z�b���O~��8�N�:�E�)���v���E���8���S�C���C�H��� �
nE;C6FqCW^V M^r�k ;>P2G^=?=*WCV�5XGCL)L)D¥6oG�f�n2IQ\HGCLZM2;N@^\muCf �^\vGCBO9SW��Îs2P2\HDJLZIK;�iOPUWZ\ � a

× \vG�V^6KWYr�f¹s�6¥DJ]mIK;>B sU;C686FWYu�WYf × \HD8L�IF;C6Jf p � �ÕGCBOVÎ5|IQP:GCB:G�L)DJGCL �OGZ6oG�
2;^L)fA5|IQPUWZBELjf� \)WCW^9SW�a�d#W%uZDKqCW.IQPUW%LY;C6H@EIJDK;>B�G^BUV?9<;>=?=*WYBhI8L�;^] �OGZ6oG�
2;^L�a¨O���8�À�8�Z¦C�C�)�T�����v�J~��8� �O¦C�E�:�4���>�<�2�Ö�:�v�2���o���?�`���>�<�2�
3 �� �N~��o¢C~C�¡��~��<�2���?~Z�v�o�v~C��X���E�?�E�J~^� �   ��� � �j� � �b�,~C�4�:�v�E�:�E�T�C�Õ�C� �:�2�J�Z~^�H�J~:� 	,���v���0�.�Y���E�,�¥�R~C�4~.�J�C���?~���¥�<�Õ�<�2�?�)~^�?�?�2�v�2��� � �)�¥�o���>�v� �A�?�2�E�¥åU�C�¬�C�*�<�2�Ò�C�E���S�E�H� �X�<�E~Z�4�,~C�0�Y� �E�C�A~C�8�v�C��<�2�0�<�E���N�Y�v�¥�v�J�E�?�C�.�<�2���S��~^���b�<�E~��X�E~^���:~C�H�v�J�S�J�2~��v�^�h�

�	�������N�O£l�T�CÔE�N���:�<���8�Ö�:�ZåN�:�C�?�C�
a1 = a

¦
a2 = b

¦2~C�:�

an+2 =
a2

n+1 + c

an

¦
n = 1

¦
2
¦
. . .

¦
�0�2�C�v�

a
¦
b
¦
c
~^�v�0�v��~C�U�E�:�Ò�2�C�H�4~^�:�

c > 0
�b¨O�2���Ò~��8�

an (n ≥ 1)
~^�v���J���v�^�����H�

�8�O~C�:�?�E�E���#�¥�
a
¦
b
¦E~C�:� a2 + b2 + c

ab

~C�v���8���S�C���C�H���
[N\);2;^] � � � a = 0

¦O�<�2���
a3
�8���:�>�%�:�ZåN�:�C�t�.¨O���:�Y¦

a 6= 0
��«��8���¥�J~C�v� �O¦U�8�

b = 0
¦�<�2�C�

a4
�J�Ö�:�>�Ö�:�ZåN�:�C�t�R¨U���:�Z¦

b 6= 0
� � �X�Q���¥�o�^�,�R�8�:�E�N�v�v� �E��� ���<�E~Z�

an 6= 0
¦:�Q�E�~C�¥�

n ≥ 1
�R�©�E�v���:�v�C�S�J�j��� �O¦2�T�E���F�#�v�C�v�Ú�)ÓC�J�S�v�X~^�:�¡�8�R�:�E�:� �)���v�h�

�E�#�<�2���v�^�S�:�v�v�C�:�S���0��å:�:�O¦��Q�E�b~��8�
n ≥ 2

¦
an+2an − a2

n+1 = c = an+1an−1 − a2
n

¦



��� 

~^�:�?�2���:�<��¦
an+2 + an

an+1

=
an+1 + an−1

an

�
¨O�2���v���Q�E�v��¦E�Q�E�7~C�¥�

n ≥ 1
¦^�0�0�E~Y�E�

an+2 + an

an+1

=
a3 + a1

a2

=
b2+c

a
+ a

b
=

a2 + b2 + c

ab

¦
~^�:�?�2���:�<��¦

an+2 =
a2 + b2 + c

ab
· an+1 − an

�
� �

a
¦
b
¦ a2 + b2 + c

ab

~C�v�0�8���S�C���C�H�Y¦2�<�2���Õ~C�Õ�C~C�H���J�:���N�v�v�o�E�Ò�j�2�^�,�R�<�E~��
an
�J�4~C�

�J���v�^�����7�Q�E�b~��8�
n ≥ 1

�
§h�E�>�E���H�T�Z���U¦b~^�)�)�:�?�Ò�<�E~��

an ∈ �
¦7�Q�E�,~��8�

n ≥ 1
�ª¨U�2�C�

a1
¦

a2 ∈ ��J���2�¥�o���0�<�E~��
a
¦

b ∈ �
�¤�©�E�v�^���E�C�j¦`�0�!�E~Y�E�

c ∈ �
¦b�<�J�:�S�

c = aa3 − b2 �
¨O�2���v���Q�E�v��¦ a2 + b2 + c

ab

�8�.�H~��v�J�E�2~C�m���*�H�¥�v� a2 + b2 + c

ab
=

p

q

¦��0�2�C�v�
p ∈ �

¦
q ∈ 	 ∗ ~^�:� gcd(p, q) = 1

� Ù �E� s ∈ 	 ∗ ¦2�0�,���¥�8�h�:�v���E�.�J�:���N�v�v���E�Z���*�E� s
�<�2��Q���8�J�^���J�:�%�:�v�E�:�E�)���v�o�E�

P (s)
�
qs | an

¦��Q�E�7~C�¥�
n ≥ s + 1

�
Ù �E�³~C�¥� k ≥ 1

¦¬�<�2� �v�^�S�:�v�v�C�:�S�
ak+2 =

p

q
· ak+1 − ak

�Y� �E�C�
pak+1

q
= ak+2 + ak

¦7~^�:�©�2���:�<��¦
q | (pak+1)

�ª«��J�:�S�
gcd(p, q) = 1

¦7���
�Q���8�J�^�,�b�<�E~Z�

q | ak+1
��¨O���:�Y¦

q | an
�Q�E�b~��8�

n ≥ 2
¦E~C�:�

P (1)
�J�b�S�H�N�:�

«��:�:�:�E�T�X�<�E~Z�
P (s)

�2���o�E�t�Q�E�h�j�E�Ò�
s ≥ 1

�h¨O�2���
qs | an

�Q�E�O~C�¥�
n ≥ s+1

�
§h�E�2�<�o�2�C�7~^�>�

k ≥ s + 1
�`«��J�:�S�

ak+2 =
p

q
ak+1 − ak

¦^�0�,�E~Z�E�

ak+2 + ak

qs
=

pak+1

qs+1

�
�E�,�<�2�4�8�:�E�N�v�v�J�E�¡�^�E�N�>�<�2���)�8�Z¦

qs | ak
~C�:�

qs | ak+2 �
�2���:�<��¦

qs | (ak+2 +ak)
�¨O�2���v���Q�E�v��¦

qs+1 | (pak+1)
�4«��J�:�S�

gcd(p, qs+1) = 1
¦E�0�.�2���H~C�8�

qs+1 | ak+1
�¨O���:�Y¦

qs+1 | an
¦E�Q�E�b~C�¥�

n ≥ s + 2
�7¨O���8�Ö�:�v���E�C�

P (s + 1)
~^�:�?�<�E���2�J�Z�v�C�X�<�2��J�:���N�v�v�o�E�t�

� �^� �J�Z�
s ≥ 1

�:�¬~^�S�E���S�H~^�F�h�à�!���E~Z�E�
c = an+2an − a2

n+1

� Ù �E�
n = s + 1

¦>�<���J�7�E�J���J�2�
c = as+3as+1 − a2

s+2

� �Ö�<�J�:�
P (s)

¦

qs | as+1
¦

qs | as+3
¦

qs | as+2 ==⇒ q2s | (as+3as+1 − a2
s+2)

==⇒ q2s | c
�

¨O�2���v���Q�E�v��¦
q2s ≤ c

�Q�E�7~C�¥�
s ≥ 1

� �   �
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� ���0�¡�)�:�2�N�E�j�
q > 1

¦U�<�2�C�
lim

s→+∞
q2s = +∞ ¦N�0���J�)�!�<�E���S�H~^�E�J�v�v� �   �j�#¨U���:�Z¦

q = 1
~^�:� a2 + b2 + c

ab

�J�R~C���8���S�C���C�Ø�À¨U�2���J�C���?~��J�R�2�v�C�E�C�t�
�!���v�:�v�?�:�^���S�.�<�2���J�E���v�J~��N�:�v�2���o���¬�
«��:�:�:�E�T�

f : 	 ∗ −→ 	 ∗ �J�R~C�>�¡�J�:�:�v�v�J�E�?�<�N�)�.�<�E~�� f(1) = 1
~^�:�

f(n + 2)f(n) = (f(n + 1))2 + 1997
¦ �Q�E�b~��8�

n ∈ 	 ∗ �
}C�Z�

b = f(2)
��«��8�:�<�

f(n)
�8�|~^�?�J���v�^�����R�Q�E�R~C�¥�

n
¦2�0�#�E~Y�E� � �o�v�E�Ú�<�2�0�o���?��~��

�<�E~��
b ∈ �

~^�:� 12 + b2 + 1997

1 · b
∈ �

�X¨O���:�Y¦ b2 + 1998

b
∈ �

�R¨U�2�C� 1998

b
∈ �

¦
~^�:�#�<�2���v���Q�E�v��¦

b | 1998
�À¨O���:�Y¦

f(2) = b
�8�R~,�N�E�<�¥�v� �E�,�E� �E�8�T�E�b���

1998
�

§h�E�>�E���H�T�Z���U¦O�o�Y�
b
�:�¡~��N�E�<�¥�v� �E���������J�j�E�|���

1998
���R��å:�:�

f : 	 ∗ −→ ��C�
f(1) = 1

¦
f(2) = b

¦U~^�:�
f(n + 2) · f(n) = (f(n + 1))2 + 1997

��«��J�:�S�
f(1) 6= 0

~^�:�
f(2) 6= 0

¦N��~>�)�
f(n)

�)ÓC�J�S�v�Ö~C�:���J�Ö�:�E�:� �)���v� � ~C�Ö�8�¡�<�2�0�:�v�2���t����<�2���o���?��~��)� � �^�
b ∈ �

¦E~C�:�
12 + b2 + 1997

1 · b
=

b2 + 1998

b
= b +

1998

b

�J�`~C�,�8���S�C���C�j¦^�)�8�:�<�
b | 1998

� �E���<�2�Ö�o���?��~2¦
f(n)

�J�`~C�,�8���S�C���C�h�Q�E�t~C�¥�
n ∈ 	 ∗ �¨O���:�Y¦

f : 	 ∗ −→ � ∗ �Ö£b�!��~^�H�?�J�:���N�v�v�o�E�Õ�j�2�^�,�4�<�E~Z� f(n) > 0
�Q�E�Ö�T�E�C�F�

n
¦�)�8�:�<�

f(1) > 0
~C�:�

f(2) > 0
��¨O���:�Y¦

f : 	 ∗ −→ 	 ∗ ¦7~^�:�!�0�*�2�>�v~��J��~C�~>�E���8�j�<�o���o���j�^Ô��N�C�:�S�:�
¨O�2�0~>�2�C�E�.���J�j�S�:�j�<�o�E�?�v�T�E��~C�8�R�<�E~Z�b�<�2�0�E�:�Ò�2�C�R���h�J�:�:�v�v�J�E�2�R�<�E~��X�j~Z�v�J�<�¥��:�>�<�.�<�E�:���¥�v�J�E�2� � � �h~C�:� � �8� �O�8�0�<�2�%�2�v�2�E�J�C�à�8�`�<�2�%�)~^�?�%~C�`�<�2�%�E�:�?�:���7���:�:�E�)�J��v���E�|�E� �E�8�T�E�H�`���

1998
�À«��J�:�S�

1998 = 2 ·33 ·37 ¦��<�2�|�E�:�?�:���À���2�N�E�<�¥�v� �E�|�������J�j�E�H����
1998

�8�
(1 + 1) · (3 + 1) · (1 + 1) = 16

� � � �X�8�|¢^�:�^�,���<�E~Z�b�<�2�0�E�:�?�:���Ö����E� �E�8�T�E�H�Ö���
pa1

1 · · · par

r

�8�
(a1 + 1) · · · (ar + 1)

� �
Þ � � ~�� Ù �8�:�!~��8���:�����E�:�E���8~C�8�������o��~^�S�%�2�^�Z�v�C�E¦N���¥�<�Õ�H~��v�J�E�2~C�À�S�2���Ò�S�o�����v�Y¦�)�N�)�.�<�E~��

f(
3
√

3 +
3
√

9) = 3 +
3
√

3
�

� �����R�2�C�b�<�2���v�0�)ÓC�J�S�b~,�:�����E�:�E���8~C�E�����<�#�J���v�^�����X�S�2���Ò�S�o�����v�R�)�N�)�.�<�E~��

f(
3
√

3 +
3
√

9) = 3 +
3
√

3
á

nE;C6FqCW^VÒM>r¡[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2fÀ[N;>BOIK;CD8LZWØf �^\vGCBO9SW�a� ~��R}C�Z�
a = 31/3 �

�	��������� � �
α
¦
β
¦
γ ∈ � �<�N�)�.�<�E~��

αa2 + βa + γ = 0
¦>�<�2���

α = β = γ = 0
�

[N\);2;^]Ha }C�Y�
α
¦
β
¦
γ ∈ � �<�N�)�#�<�E~Z�

αa2 + βa + γ = 0
� �   �



��� �

«��:�:�:�E�T�4�<�E~Z�
α 6= 0

�À«��8�:�<�
a
�8�7~%�v�2�>�À���E�<�2�%Ô��:~>�E�H~��v�J�

αx2 +βx+γ = 0
¦��0�

���:�S�4�E~Y�E�
a =

−β ±
√

∆

2α

¦E�0�2�C�v�
∆ = β2 − 4αγ ≥ 0

� � �>�v�,�<�E~Z� √
∆ /∈ �

� �<�J�:�S�
a /∈ � �)�À¨U�2�C�

−24α3 = β3 + 3β∆ ±
√

∆(3β2 + ∆)
�

� ���Q���8�J�^�,�À�<�E~Z�
3β2 +∆ = 0

¦��0���J�)�,�o��~>�E�À�S�
β = ∆ = 0

�t¨U�2�C���0�����Y�
α = 0

¦~?�S�E���S�H~>���o�v�v�J�E�t��¨U�2�C�v�Z�Q�E�v�E¦
α = 0

¦O~C�:�!�^Ô��:~��v�J�E� �   �R�2�^�S�E�Ò���
βa + γ = 0

�«��J�:�S�
a /∈ � ¦^�0�,�:�C�E�N�S���<�E~�� β = γ = 0

¦E~C�:�#�<�2���J�C���?~��J�R�2�v�C�E�C�t�
}C�Z�

f ∈ � [x]
�)�N�)�Õ�<�E~��

f(a + a2) = a + 3
� � �

f
�E~C�0�:�C�Z�v�^�   ¦h�<�2�C�

f(x) = αx + β
�Q�E�`�j�E�Ò�

α
¦
β ∈ � ��¨U�2�C�O¦ α(a + a2) + β = a + 3

��¨O�2���#�<�2��o���?��~Ö�8�?�E�8�J�C�h�<�E~��
α = 0

~^�:�
α = 1

¦Ø�0���o�)�%�J�À�S�J�C~C�v� ���8�?�:�E�j�<�o���o�2�h¨U�2�C�v�Z�Q�E�v�E¦
f
�S~C�2�:�>�|�E~Y�E�¡�:�C�Z�v�^�   � � �

f
�E~C���2�^�Z�v�C� � ¦:�<�2�C�

f(x) = αx2 + βx + γ
�Q�E��T�E�?�

α
¦
β
¦
γ ∈ � �7¨U�2�C�O¦E�o�v�E���<�2�,�J�C���?~E¦ f(a + a2) = a + 3

�8�4�CÔE�2� ��~C�J�C����S�
α + β = 0

3α + β = 1
6α + γ = 3

�
¨O�2���:�E�JÔE�N�,�j���8�E�v�J�E�����N�<���8�Ö�H�E�<�v�C���8�

α = 1
2

¦
β = −1

2

¦E~^�:�
γ = 0

� � �7�Q���¥�o�^�,�
�<�E~��N�<�2���v�X�8�t~X�:�E�oÔ��N�R�N��� �2�:�E�¡�J~��

f
���C�o��~^�S�O�:�C�Z�v�^�Ö�E~Y�E�8�:�b�H~��v�J�E�2~C�^�S�2���Ò�S�o�����v��)�N�)�.�<�E~��

f( 3
√

3 + 3
√

9) = 3 + 3
√

3
¦E�2~^�?��� �

f(x) = 1
2
x2 − 1

2
x
�

� ����¨O�2�,~C�2�S�0���`�J�R�:�h�
«��:�:�:�E�T��¦O�Q�E�X�<�2�¡�E�:�S�:�E�T�����`�S�E���S�H~>���o�v�v�J�E�O¦N�<�E~��R�<�2���v���)ÓC�J�S�v�

P ∈ � [x]

�)�N�)�A�<�E~��
P (a + a2) = a + 3

�¹}C�Y�
P (x) =

n∑

i=0

αix
i ¦À�0�2���v� αi ∈ �

�Q�E�
�C~^�)�

i
� �!�A�¡�:�<�.�E~Z�E�

n ≥ 3
¦X�J�¬�E�J�Y� ���|���:�0�T���¥�E�v�o�E���v� � ~��)� � �>�v�*�<�E~Z�

(a + a2)3 = 12 + 9(a + a2)
��¨O�2���

P (a + a2) =

2∑

i=0

αi(a + a2)i +
(
12 + 9(a + a2)

)
n∑

i=3

αi(a + a2)i−3 �

� �b�Q���¥�o�^�,�7�<�E~Z�`�<�2�,�N��� �2�:�E�¡�J~��

Q(x) =

2∑

i=0

αix
i + (12 + 9x)

n∑

i=3

αix
i−3

�j~Z�v�J�<åU���
Q(a + a2) = P (a + a2) = a + 3

¦.�0�2�C�v�
Q ∈ � [x]

�����<�
deg Q(x) = deg P (x) − 2

� � �^���0���v~^�*~^�2�2� �Ò�<�2�¡�j~C�Ò�¡�v��~^�j�E�E�J�:�,�S�
Q
�J��2�8~>�S�#���

P
�b£b�Ò�C~C�H���J�:���N�v�v�o�E�?�o��~>�E�R�S��~#�:�����E�:�E���8~C�

R
�����2�^�Z�v�C�.~Z�R�Ò�E�S�

2
¦���¥�<�*�8���S�C���C�%�<�2���Õ�S�J�C���H�Z¦U�0���o�)�!�)~��v�8�)åN�C�

R(a + a2) = a + 3
� Ù �v�E� � ~��b�0����:�S�X�E~Y�E�

R(x) = 1
2
x2 − 1

2
x
¦C�0���o�)�¡�:�2���R�:�>�b�E~Y�E���J���v�^�����b�<�2���Õ�S�J�C���H�C��¨U���J��J�R~0�<�E���S�H~^�E�J�v�v�o�E�t��¨U�2�0�<�E�:�S�¥�:�)�J�E�¡�Q���¥�o�^�,���



�����

â �»Ý:�v�C�E�A�<�E~��T¦4�Q�E�?�T�E���F� �:�E�)���v���E�¬�8���S�C���C�
n
¦Ö�<�2�C�v�©�<Ó^�8�<�H�Ò~��N�E�<�¥�v� �E��J���v�^�����

k
�<�N�)�.�<�E~��

19k − 97
�J�Ö�������J�<�o���o�,�C�

2n �
nE;C6FqCW^VÕM^r?[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f`[N;>BOIK;CD8LZWØf �^\vGCBO9SW��7s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B�sU;C686FWYu�WYf × \HD8L�IF;C6Jf�p � ��G^BUVA[EG�qY6F;^L.k©G^\HGCu�;N@EV�G�
^DJL)fR[2Do\<WZG�Ljf � \<W^WC9<W>a*d#Wu�DFqCW.IQPOW|LZ;C6m@2IJDF;>B*;^]�klGC\vG�uE;N@�V�G 
^D8LCa
�!�?���¥�8�b�:�ZåN�:�*�C���J�:���N�v�v�o�E��~*�T�CÔE�N���:�<�!���X�N�E�<�¥�v� �E�Ò�J���v�^�����H� {kn}∞

n=1�)�N�)�.�<�E~��
2n | (19kn − 97)

¦��Q�E�b~��8�
n ∈ 	 ∗ �

«��J�:�S�
198 − 97 ≡ 0 (mod 64)

¦2�0�.�o�Y�
k1 = k2 = · · · = k6 = 8

� Ù �E�
n ≥ 6

¦2�<�:�:�:�E�T�%�<�E~Z�
kn ∈ 	 ∗ �)~��v�8�)åN�C� 2n | (19kn − 97)

� �R�ZåN�:�

kn+1 =

{

kn
�8�

2n+1 | (19kn − 97)
¦

kn(2n−5 + 1)
�8�

2n+1 - (19kn − 97)
�

�!�X���8�¥�>�:�v���E�Ö�<�E~Z�
2n+1 | (19k

n+1 −97)
�t¨O���8�À�J�`�2�C�E�J���:�À�¥�

kn+1
�8�7�2��å:�:�^�0�C��<�2�4å:�H�<�À�v~^�j�Ö�J���<�2�Ö�Q�E�v���2�8~%~^�:���E�:� � ���<�2�4�T�C�<�E�:�0�S~C�T��¦^�<�J�:�S�

2n | (19kn −97)~^�:�
2n+1 - (19kn − 97)

¦:�0�.���:�S�4�E~Z�E�
19kn − 97 = 2n(2m + 1)

�Q�E�R�T�E�?�
m ∈ 	 ��¨O�2���

19k
n+1 − 97 = 19k

n+1 − 19kn + 19kn − 97

=
(

19kn·2n−5 − 1
)

19kn + 2n(2m + 1)
�

� �^�¡¦C�J�.�E�v�:���t�v�0�:�v���E�4�<�E~Z�
2n+1 | (19k

n+1 −97)
¦^�����8�b�C�:���N�����S�,�:�v���E�

�<�E~��
19kn·2n−5 − 1 = 2n(2x + 1)

¦E�Q�E�7�j�E�Ò�
x ∈ 	 �À�!���S�v~C�H�X�C�#�o~>�v�v�E�v�8�:� �

19kn·2n−5 − 1 =
(
19kn − 1

)
·
(
19kn + 1

)
·
(
192kn + 1

)
·

·
(

1922kn + 1
)

· · ·
(

192n−6kn + 1
) �

«��J�:�S�
2n | (19kn − 97)

¦`�0�2�C�v�
n ≥ 6

¦À�0�!���Z���<�E~Z�
32 | (19kn − 1)

~C�:�
64 - (19kn − 1)

�%£7�8�T�U¦:�Q�E�
v = 1

¦
2
¦
. . .
¦2�0�¡�E~Z�E�

19vkn + 1 ≡ 0 (mod 2)~^�:� � �)�8�:�<�
kn
�J�Ö�T�E��� �

19vkn + 1 ≡ 2 (mod 4)
��¨O�2���v���Q�E�v��¦

19kn·2n−5 − 1 = 25 · 2 · 2 · · · 2
︸ ︷︷ ︸

n−5 � ��� ��� � �
·(2x + 1) = 2n(2x + 1)

¦

�Q�E�b�j�E�Ò�
x ∈ 	 ��!���E~Z�E���:�v���E�^�0�<�E~��

2n+1 | (19k
n+1 − 97)

��¨O�2�%�J�:���N�v�v�o�E�#�8�R�S�E�?�E�o�Y�S�2�

�!�#�:�)Ó��R�v�:�S�Ò�S�Ò�T���¥�E�v�o�E�2�%�C�*�v��~>�2�C�H�4�S�Ò�:�v�2���o���?�����t�<�2�.¨2�:�<¢^�T�Õ¨2�C~C�«^���J�^�v�v�J�E�	�CÓC~C���8�2~��v�J�E�¡�Q�E�À�<�2�
38 ��


� �©�   �>��� �H�^�^�  ��E �� � ã  �� � � �Ñ � � �Õ~.�S�H�J~C�:�Y�o�
ABC

�0���o�)�Õ�E~C�%~#�v�J���>�4~C�:�Y�o�.~��
A
¦N�J�Z�

H
�:���:�>�S�0�<�2��Q�2�>�Ö���O�<�2�.~��¥�v���v�N�:�.�:�Z�o�E�:�Y�8�:���v�¡�<�2�#�^�E�N�>�v�C�E�:�j�:�|«^�2�^� �<�E~��b�<�2�0�)�:� ���O�<�2��H~>���8�C�����<�2�7�8�:�S�J�v�S�J�C�t���Z�<�2�`�S�v�8~^�:�Y�J�C�

ABC
¦
ABH

¦Z~C�:�
AHC

�J�t�CÔE�:~��Y�S� |AH| �



�����

nE;C6FqCW^V M>r � WZGCB��js�6oG2@EV:W 5XBUV�\HDKW>@ � f × WYG:@CBOWØf �^\vGCBO9SW�� k³;>P:GC=?=*W^V5XGCL)L)D¥6oG�fEnEIQ\vG�L�M2;N@C\Hu�f��^\vGCBO9SW����0;N@�V�GÀ5XBO;N@CB2f × ;>\)V:WYG:@ � f �>\HG^BU9<W �Nk�DF9vPOWT6 × GEIoGZD86¥6KWØf_À;N@�WZBEf �^\vGCBO9SW���s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fÀs�6¥DJ]mIK;>BÒsU;C686FWYu�WYf × \HD8L�IF;C6Jfbp � � � W^;��O\)WYr5%a �UG^BUV�G�6¥6Jf���G^=*V:WYB2f,shwTf#p�nØ5 �%[EG�qY6F;^LÒklGC\vG�uE;N@�V�G 
^D8Ljf�[2Do\<WZG�Ljf � \<W^WC9<W>a d#Wu�DFqCW.IQPOW|LZ;C6m@2IJDF;>B*;^]�klGC\vG�uE;N@�V�G 
^D8LCa
¨:�v�8~^�:�Y�J�C�

HBA
¦
HAC

¦
ABC

~^�v�,�)�8���¥�J~C�Y�4}C�Z�
r1
¦
r2
¦
r
�:���<�2�0�H~^�E�¥�O����<�2���J�:�S�8�v�S�o���Ö���N�<�2���T�%�S�v�8~^�:�Y�J�C�Y¦E�v���j�:�^�v�v� �E��� �t��¨O�2���

r1

AB
=

r2

AC
=

r

BC
=

r1 + r2 + r

AB + AC + BC

�
¨O���:�Y¦

r1 + r2 + r =
r(AB + AC + BC)

BC
=

2[ABC]

BC
=

BC · AH

BC
= AH

�

 �¤¨U�2�A�j�^Ô��N�C�:�S�C� {an}∞
n=1

¦ {bn}∞
n=1

~C�v�¬�2��å:�:�^���<�E�v���N���
a1 = α

¦
b1 = β

¦O~C�:�
an+1 = αan − βbn

¦
bn+1 = βan + αbn

�Q�E�Ö~C�¥�
n ≥ 1

��	��^��?~C�>���:~��J�H�
(α, β)

���O�v�C~��U�E�:�?�:���H�Ö~^�v�%�<�2�C�v�,�<�N�)�.�<�E~��
a1997 = b1

~C�:�
b1997 = a1

á
nE;C6FqCW^V¹M^r³k³;>P:GC=?=*W^V�5XG�LjL<D86JGCf.nEIQ\vG�L�M2;N@C\Hu�f �>\HG^BU9<W �Õk�DF9vPOWT6 × GEIoGZD86¥6KWØf_À;N@�WZBEf
�^\vGCBO9SW��7[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2f7[N;>BOIK;CD8LZWØf
�^\vGCBO9SW��Xs2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B sU;C6¥6KWØuEWØf × \HD8L�IF;C6Jf¡p � �bG^BUVÕ5|IQP2G^B2GCL<DoG�L �OGZ6oG�
2;^L)fb5|IQPUWZBELjf � \)WCW^9SW�a�d#Wu�DFqCW.IQPOW|LZ;C6m@2IJDF;>B!M^r × GEIoGZD86¥6KW>a¨O�2���v�#~^�v�

1999
�)�N�)�Ò�:~��J�H�Y¦U�2~C�Ò�Z���

(0, 0)
~^�:�?�<�2�.�:~��J�H�

(cos θk, sin θk)�0�2�C�v�
θk =

π

3996
+

2kπ

1998

�
k = 0

¦
1
¦
. . .
¦
1997

�h�
¨:���2�v�C�E�X�<���J�À�v���)�2���T¦Y�0�Ö�v�C��~^�S¢4�<�E~Z�T¦��Q�E�h~C�¥�

n ≥ 1
¦Z�<�2�|�S�E�?�E�o�<Ó|�E�:�Ò�2�C�

an+1 + ibn+1
�J�Ö�Y� �E�C�?�C�

an+1 + ibn+1 = (α + iβ)(an + ibn)
¦

�T�*�<�E~��
an + ibn = (α + iβ)n

� �<�J�:�S�
a1 + ib1 = α + iβ)

�!�!�¡���8�¥�b�E~Y�E�
a1997 = b1

~C�:�
b1997 = a1

�8�h~C�:�Õ�E�E� ���¥�
(α + iβ)1997 = i(α − iβ)

�%}C�Z�H�v�8�:�
z = α + iβ

¦��0�!�E~Z�E�Ò�<�2�*�^Ô��:~��v�J�E�
z1997 = iz̄

¦`�v���:�*�j�����E�C���Q�E�
z ∈ � �£b�³�2�C�E�J���:���T���¥�E�v�o�E�©�8�

z = 0
�¤£b�>�ª�:�E�:� �)�C�v�©�T���¥�E�v�o�E�

z
�8���:�^�S�C�)�j~C�v�¥���l����Ò�2���2�8�:�

1
¦O�8�?�0���o�)�*�S~C�T�

z̄ = 1/z
~^�:�?�0�¡�E~Z�E�

z1998 = i
�0«��J�:�S�.�<�2�¡�T���¥�N��v�o�E�2�Ö���

z1998 = i
~C�v���<�2�

1998
�<�E���2�J�)Ó0�E�:�Ò�2�C�H�

exp
(
i
(

π
3996

+ 2kπ
1998

)) �����<�
k = 0

¦
1
¦
. . .
¦
1997

¦>�0�,�E~Y�E���<�2�,~C�2�:���:�:�<�C�?�v���)�2���Y�
Þ �`¨O�2�0�^�2���

AE
���O~.�<�E�>�E�<Ó#�:�C���H~>���E�

ABCDE
�0�2�E�j�%�E���H�v�J�<���R�8�J�0�E��<�2�b�:�E�¥�h�S�8�v�S�o�b�:~C�j�j�C�U�<�E�v���N���4�<�2�R�<�����S�v�R���C�<���8���S�8�v�S�o�2� � � |AB| = a

¦ |BC| = b
¦

|CD| = c
¦ |DE| = d

~C�:�
ab = cd = 1

4

¦U�<�E���2�E�v� |AC| + |CE| �J���S���S���%���
a
¦
b
¦
c
¦
d
�



���^�

nE;C6FqCW^V,M^r`5|IQP:GCB:G�L)DJGCL��UG�6JG 
E;^Ljf�5|IQPUWZBELjf � \)WCW^9SW��EGCBOV � W^;��O\)WYr`5%a �UG^BUV�G�6¥6Jf
��G^=*V:WYB2f`shwTfÖptnY5%aÀd#W%u�DFqCW �OGCBOV�GZ686 � L�eÖ\HDKIKW��T@Yi`a

}C�Z� |AC| = x
¦ |CE| = y

¦ |AD| = p
¦ |BE| = q

�?¨U�2�?~^�:�Y�J�C�
ABE

¦
ACE

¦
ADE

~^�v�*�C~^�)�
90◦ ¦b�j�A�<�E~Z� a2 + q2 = x2 + y2 = p2 + d2 = 4

�
�E�lÝE�S���J�C�.��� ��¨O�2�C�E�v�C�*¦

dx + 2c = py �
�0�2���:�<��¦

d2x2 + x + 4c2 = p2y2 �¨O�2���v���Q�E�v��¦
x = (4 − d2)y2 − 4c2 − d2x2 = 4y2 − 4c2 − d2(x2 + y2)

= 4y2 − 4c2 − 4d2 �
£b�2~C�J�2�����:�)� �O¦^�<�2�,�v�Z�J~Z�v�o�E�

ay + 2b = qx
�J�C~^�2�b�v�

y = 4x2 − 4a2 − 4b2 �
§h�E�2�j�^Ô��N�C���v� �O¦

x + y = 16 − 4(a2 + b2 + c2 + d2)
�

â �¬Ý:�v���E�¡�<�E~Z�T¦t�Q�E�%�C~^�)�A�2�v�8�Ò���E�:�Ò�2�C�
p ≥ 7

¦h�<�2���v�Ò�)ÓC�J�S�v��~?�N�E�<�¥�v� �E��J���v�^�����
n
~C�:�0�J���v�^�����H�

x1
¦
x2
¦
. . .
¦
xn
¦
y1
¦
y2
¦
. . .
¦
yn
�0���o�)�0~C�v�%�:�>�`�E� �E�8�)�J�E�J��C�

p
¦E�<�N�)�#�<�E~Z�

x2
1 + y2

1 ≡ x2
2 (mod p)

¦
x2

2 + y2
2 ≡ x2

3 (mod p)
¦

���
x2

n−1 + y2
n−1 ≡ x2

n (mod p)
¦

x2
n + y2

n ≡ x2
1 (mod p)

�
nE;C6FqCW^V¹M^r³k³;>P:GC=?=*W^V�5XG�LjL<D86JGCf.nEIQ\vG�L�M2;N@C\Hu�f �>\HG^BU9<W �Õk�DF9vPOWT6 × GEIoGZD86¥6KWØf_À;N@�WZBEf �^\vGCBO9SW��tGCBOV*s2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fbs�68D8]HIF;>BAsU;C686FWYu�WYf × \HDJLZIK;C68f4p �7a`d#Wu�DFqCW × \vG�V^6KWYr�� LÖLZ;C6m@2IJDF;>B��¥=*;2V^D��hWCVÕM^r�IQPOW,W^V^DKIK;>\mL��Ta
�!�0�S�E�2�)�J�:���À�m�0���S~C�T��� �

p ≡ 1 (mod 4)
�E�

p ≡ 3 (mod 4)
�

� ~��
p ≡ 3 (mod 4)

�À¨O�2���
p = 4k + 3

�Q�E�7�T�E�?���J���v�^�����
k
� �0�2���v�

k > 0�)�8�:�<�
p ≥ 7

�S¦2~C�:�.�0�,�2�2�j�C�F�E�%�<�E~��
12 + k2 ≡ (k + 2)2 (mod p)

� �   �
«^�Z�H�v�8�:�

x1 = 1
¦
y1 = k

¦U~C�:�
x2 = k + 2

¦E�0�#�E~Y�E�
x2

1 + y2
1 ≡ x2

2 (mod p)
�«��:�:�:�E�T�|�:�^�³�<�E~��O�0�4~^�v�|�Y� �E�C�

x2
i +y2

i ≡ x2
i+1 (mod p)

�Q�E���j�E�Ò�
i ≥ 1

�t�!�
���8�¥�>�<�E�2�S�S�v�N�v�O�8���S�C���C�H�

yi+1
~C�:�

xi+2
�<�N�)�|�<�E~��

x2
i+1+y2

i+1 ≡ x2
i+2 (mod p)

�
�!��å:�H�<�7���2���v�J�E��� �   �`�C�

x2
i+1

�v�0�E�J���J�
x2

i+1 + k2x2
i+1 ≡ (k + 2)x2

i+1 (mod p)
�

¨O�2���#�0�,�)�2�2�E�T�
yi+1 ≡ kxi+1 (mod p)

~C�:�
xi+2 ≡ (k + 2)xi+1 (mod p)

�
«��J�:�S�E¦��Q�E�`~^�>�¡�2�v�8�Ò�

p
¦^�<�2�C�v��~C�v��~�åN�E���S���E�:�Ò�2�C�X���OÔ��:~>�E�H~��v�J�X�v�C�<�o���N�C�Y¦�T�E�C���v�:~��8� �¬�0�?���¥�8�X�E~Z�E�

xj ≡ xi (mod p)
�Q�E�,�j�E�Ò�

j > i
�ª�!�*�S~C���<�2�C��v�^�S�J~^�:�Z�

xi
~C�

x1
~C�:�

yi
~^�

y1
¦�~^�:�?�2�^�Y�8�¡�<�2���:�v�2�S�C�)�b�<�2�C�v�2�



�^�^�

Ù �E�b�)ÓC~C�?�E�o��¦��8� p = 13
¦>�<�2���

p = 4k + 1
�Q�E�

k = 3
���!���<�H~^�m�À�����<�

12 + 92 ≡ 112 (mod 13)
¦

~^�:���2�v�2�<�C�^�#�v�����Y�`�<�2���Q���8�J�^���J�:���S�8�v�S�2�¥� �

112 + 82 ≡ 42 (mod 13)
¦

42 + 102 ≡ 52 (mod 13)
¦

52 + 62 ≡ 32 (mod 13)
¦

32 + 12 ≡ 72 (mod 13)
¦

72 + 112 ≡ 122 ≡ 12 (mod 13)
�

� ���
p ≡ 1 (mod 4)

�À¨U�2�C�
p = 4k + 1

�Q�E�b�j�E�Ò���8���S�C���C�
k
� �0�2���v�

k > 1�)�8�:�<�
p ≥ 7

�S¦2~C�:�.�0�,�2�2�j�C�F�E�%�<�E~��
12 + (3k)2 ≡ (3k + 2)2 (mod p)

� � � �
�X�:�b�2�v�2�<���j�X�8�R�<�J�¡�8�8~^���S�#�2~^�m� � ~��<¦2�E�E� �.�<���8�b�v�J�?�|�0���¡�2�¥�v�8�2� � � � �`�C�

x2
i+1

~C�:��)�2�2�E�T�
yi+1 ≡ 3kxi+1 (mod p)

~C�:�
xi+2 ≡ (3k + 2)xi+1 (mod p)

�
� � �À� �E�C��~C�¡�J���v�^�����

n ≥ 2
¦�åN�:�#�<�2�����8�E�J��~C�E��~��8�N�,���

x5
1

x2 + x3 + · · · + xn

+
x5

2

x1 + x3 + · · · + xn

+ · · · +
x5

n

x1 + x2 + · · · + xn−1

�)�N���F�^�v�X�S�
x2

1 + x2
2 + · · · + x2

n = 1
¦2�0�2�C�v�

x1
¦
x2
¦
. . .
¦
xn

~C�v�#�:�E�)���v���E�.�v��~C��E�:�Ò�2�C�H���
nE;C6FqCW^V¹M^r³k³;>P:GC=?=*W^V�5XG�LjL<D86JGCf.nEIQ\vG�L�M2;N@C\Hu�f �>\HG^BU9<W �Õk�DF9vPOWT6 × GEIoGZD86¥6KWØf_À;N@�WZBEf
�^\vGCBO9SW��7[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2f7[N;>BOIK;CD8LZWØf
�^\vGCBO9SW��Xs2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B sU;C686FWYu�WYf × \HD8L�IF;C6Jf p � �Òk¤@^\S\HG>r�n:a��U6oGC= 
^DoBEf¤phBEDFqCWZ\mL)DKIQr ;^]0576KM2WZ\TIJGCfc:V�=*;>BOIK;>BEfE5 × �:GCBOV¡[EGEqØ6K;^L4k©G^\HGCu�;N@EV�G�
^DJL)ft[2Do\<WZG�Ljf � \)WCW^9SW�a%d#WÖuZDKqCW�IQPUWÖLZ;C6m@ �IJDK;>BÕ;^] × ;>\SBEL��YIFWØDJBta�©�E�v�|�����:�C�H~��8� �O¦Y�0�b���¥�8�^å:�:���<�2�Ö���8�E�J��~C����~��8�N�4��� n∑

i=1

(
xp

i

S − xr
i

) �)�N���F�^�v�
�S�

xs
1 + xs

2 + · · · + xs
n = 1

¦E�0�2�C�v�
S = xr

1 + xr
2 + · · · + xr

n

~^�:�
p
¦
r
¦
s
~^�v��N�E�<�¥�v� �E�%�v�C~��:�E�:�?�:���H�R�<�N�)�0�<�E~Z�

r ≤ s ≤ p
2

��¨U�2���Y���E���#�:�v�2���o��� �J�`�<�2���)�N�C�S�J~���S~C�T�
p = 5

¦
r = 1

¦
s = 2

�
£b�:�E�����J�:�|�<�2�0§U~C�N�)�^�2�j«^�)�^�,~C� � � �:�^Ô��:~C�¥�¥�F�O¦^�0�,�E~Z�E�

(
n∑

i=1

(S − xr
i )

)(
n∑

i=1

xp
i

S − xr
i

)

≥
(

n∑

i=1

x
p/2
i

)2 ¦

���¥�<�A�^Ô��:~C�¥�¥�F�!�8�7~C�:�¬�E�E���!�¥�À�<�2�C�v�Ò�<Ó^�8�<�H�,~?�N�E�<�¥�v� �E�?�v��~C�À�E�:�Ò�2�C�
λ
�<�N�)�*�<�E~Z�

S − xr
i = λx

p/2
i

�



�^�  

�E�#�<�2�¡ÝE�^�0�C�S�Y�©��~^� � �:�CÔE�:~��8���K� � �)�8�:�<�
p/2 ≥ s

�S¦
(

n∑

i=1

x
p/2
i

)2

= n2

(
n∑

i=1

x
p/2
i

n

)2

≥ n2

(
n∑

i=1

xs
i

n

)p/s

=
n2

np/s

¦

���¥�<���CÔE�:~��8���K�#�8�O~C�:�?�E�E� �¡�¥�
p = 2s

�E�
x1 = x2 = · · · = xn =

1

n1/s

�h£7�8�T�U¦

n∑

i=1

(S − xr
i ) = (n − 1)

n∑

i=1

xr
i = n(n − 1)

n∑

i=1

xr
i

n

≤ n(n − 1)

(
n∑

i=1

xs
i

n

)r/s

=
n(n − 1)

nr/s

¦

�C�*�<�2�AÝE�^�0���<�Ø�©�C~C� � �:�^Ô��:~C�¥�¥�F� � �<�J�:�S�
s ≥ r

�j� 	��C�v��¦À�CÔE�:~��8���K�¬�2�S�S�:�H���¥�7~C�:�
�E�E���Ò�¥�

r = s
�E�

x1 = x2 = · · · = xn =
1

n1/s

�,«��J�:�S� n∑

i=1

(S − xr
i ) > 0

¦:�0�
�E~Z�E�

n∑

i=1

xp
i

S − xr
i

≥

(
n∑

i=1

x
p/2
i

)2

n∑

i=1

(S − xr
i )

≥

n2

np/s

n(n − 1)

nr/s

=
n(r+s−p)/s

n − 1

�

�2Ô��:~C�¥�¥�F�*�2�<�S�:�H�R�0�2�C�
x1 = x2 = · · · = xn =

1

n1/s

�|¨O�2���v���Q�E�v��¦N�<�2�#�)Ó^�:�v���T�
�)�J�E���E�0�<�2���H�o���>�`�)�J�:��~^�:���E���8�7�<�2�����8�E�J��~C�>��~C�¥�N�,���2�<�2���)�:� �E�.�<�2�%�J���8�`�)�J�:��¦�)�N���F�^�v�`�S�

xs
1 + xs

2 + · · · + xs
n = 1

�
«^�Z�H�v�8�:�

p = 5
¦
r = 1

¦E~C�:�
s = 2

¦>�0��å:�:�#�<�E~��`�<�2�,�¡�J�E�8�?~��E��~C�¥�N���8�¡�<�2�
�Y���E���?�2�v�2�E�J�C���J� 1

n(n − 1)

�

�!�#�:�^���v�:�v�Ò�S�Ò�v��~>�2�C�H� �:�T���¥�E�v�o�E�2�%�����2�v�2�E�J�C�������h�<�2�¡§O���8�J�C~C����~Z�<�2�^��?~Z�v�o�v~C�U�X���E�?�E�J~^�2�   �>�  ã � � �v�C�>�  ��E  � � ã   �C��� �Ñ �������E���Õ�<�E�v�^���S�S�H~C�J���>�4�8�8�:�C�|�J�!~��2�8~^�:��¦U�<�E~��%�S�E�:�S�:�|~��4�N���8���
O
¦t�<�E�:��)�J�:���O�<�2�R�<�E�v�C�|�<�E�2�j�^�S�E�v� �E�4~C�:�Y�o���7�2�Z�m�0�C�C���<�2�C� � �0���o�)�U¦C�2~��v�:�H~��8� �O¦C~^�:���:���v�

180◦ �)�X}C�Y� P �:�R~Ö�:���J���U�J�|�<�2�Ö�E�J~C�:�R�:�>�t�E��~^�>�����C�<�2�C�j�X�8�8�:�C�Y¦�~C�:���J�Z�
A
¦
B
¦
C�:�Ö�<�2�|�Q�C�Z�`�����<�2�%�:�C�v�N���:�E�J�S�2�J~C�H�X�2�H~Y�,�.�o�v�E�

P
�S���<�2�4�<�E�v�C�|�¥�J�:���C�À«^�2�^�¤�<�E~Z��<�2���J���v�C�v�2~C�N~^�:�Y�J�C�Ö��� 4ABC

~^�v�,�^Ô��:~C�2�S�.�<�2�E�j�,�:�Y�m�0�^���¡�<�2�,�Y���E���¡�8�8�:�C���
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nE;C6FqCW^VÎM^r�s2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�f*s�68D8]HIF;>B�sU;C686FWYu�WYf × \HD8L�IF;C6Jf�p � ��G^BUV� W^;��O\)WYr%5%a �OGCBOV�GZ6868f ��G^=*V:WYB2f`shwTfÖptnY5%a`d#W|u�DFqCW �OGCBOV�GZ686 � L�eÖ\HDKIKW��T@Yi`a
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�J�#~¬�S�N�:�A���4�^�2���
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� }C�Z�

M�2�4�<�2���¡�o�2�)�:���J���`���
BC

~C�:�
N
�<�2�%���J�:�<�N���8������

EF
�`§O�E�?�E�E�S�|�<�2��~C�v�C~,���2�<�2��ÔE�:~^�2�H�8�8~��v�C�H~��

AMHN
�

nE;C6FqCW^V0M^r�_À;:M2WY\TI × D86¥DoBEL�
^D8f��Ö@EIQ\)WY=*;>BhIof��Ös �:[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2fU[N;>BOIK;CD8LZWØf�>\HG^BU9<W �?s2P:\HD8L�IF;�iOPOWY\ � a × \HGEV^6FWYrCf#s�6¥DJ]mIK;>B¹sU;C6¥6KWØuEWØf × \HDJLZIK;C68fÕp � �4GCBOV � W^;��O\)WYr5%a �OGCBOV�GZ6868f ��GC=*V:WZBEf`shwTfÖp�nØ5%a`d#W%uZDKqCW0IQPOW%LY;C6H@EIJDK;>BÕ;^] × D86¥DoBEL�
^Dma«��J�:�S�Õ�S�o��~^�H��� −−→
NH =

−−→
AM

¦t�<�2�?�Q���:���:���J���H�
A
¦
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¦
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¦À~^�:�
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¦ 4FNA
¦ 4BMA
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AM = MH = HN = NA
���X�:~>�E�v�¥�J~Z�S���H~C�

NHMA
�J�`�<���:�X~��<�2�E�?�E�:���
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AH
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EC =

√
EH2 + HC2 = 2

√
2
� � �>�v�J�S�J�:���<�E~Z�

NM = EC
¦��0�!���Y�

NM = 2
√

2
� �E�0�<�2�%�j~C�Ò�%�v�C~C�T�E�E�8�:�>¦C�0���j�^�4�<�E~��

AC = 2
√

2
�h£b�2�2� �E�8�:�4�<�2�Ý����<�E~^���E�v�C~C��¨U�2�^�E�v��� �8� 4ACH
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AH =

√
AC2 + HC2 = 2

√
3
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ABCD

¦À�0�2�C�v�
AB

~^�:�
DC

~^�v�*�:~C�H~C�¥�o�Z�K¦b~C�:�
AD = DC = AB/2

¦2�:�Y�S���S�¡�J�:�
∠ACB

�
nE;C6FqCW^V M>r¹_À;:M2WY\TI × D¥68DJB2L 
^DJf �Ö@EIQ\)WY=*;>BhIof �Ös �?s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B³sU;C686FWYu�WYf × \HD8L�IF;C6Jf¡p � �À5|IQP2G^B2GCL<DoG�L �UG�6JG 
E;^Ljf75|IQPUWZBELjf � \<W^WC9<W � � W^;��O\)WYr5%a �OGCBOV�GZ6868f ��G^=*V:WYB2f4shwjf�p�nØ5 �Xc:V:eÖGC\)V©wCa �#aÖd,G^BEuCf�d�D¥6J]o\HDKV � G:@C\HDKWY\?phBEDFqCWZ\ �L)DKIQr�fRd,GEIKWY\H6K;2;^f �Xy.a`d#W%u�DFqCW.IQPOW|LZ;C6m@2IJDF;>B*;^] × D¥68DJB2L 
^DHa}C�Z�

M
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AB
¦2~^�:���J�Z�

E
�2���<�2�0�:���J���R���U�J���v�C�H�j�^�v�v�J�E����

AD
~^�:�

BC
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DC = AB/2
~C�:�

DC‖AB
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D
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M
¦
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MC = AD = AB/2
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� � 4ABC

¦
MC
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�E~^�R~,�v�J���>�X~C�:�Y�o��~��
C
�t¨O�E~Z�7�J�Y¦

∠ACB = 90◦ �
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6 ·
√

3
4

= 3
√

3
2
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πr2 = π
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π − 2
(

π − 3
√

3
2
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= 3
√

3 − π
�

¨O���:�Y¦^�<�J�:�S�R�<�2�4�j�E~>�2�^�,~C�v�C~%�E~C�7�E�E� �
5/6

�<�2�4~^�v��~%���>�<�2�|�2�<ÓC~>���E�2~����<�H~^�j¦�¥�H�Ö~C�v�C~��J� 5
6
(3

√
3 − π)

�



�^� 

â � � �¤�H�o���>�¡�S�H�J~C�:�Y�o�
ABC

�<�2��~C���v�¥�v�N�2�
hc = CD
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AB

�©}C�Y�
P
¦
P1
¦
P2

�:�¡�<�2�Ò�H~>���8�7���`�<�2�Õ�S�8�v�S�o�����J�2�j�<�v�J�:�C�A�8�A�<�2��S�v�8~^�:�Y�J�C�
ABC

¦
ADC

¦
BCD

¦��v�C�)�N�C�v�v���E�Z���h�`«^�2�^�Î�<�E~��
P + P1 + P2 = hc
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6n
�
1 ≤ n ≤ 166

�)�¨O�2�Z�J�O�:�v�2���N�v�O�J�
P = 2166 ·3166 ·(166!) �t¨U�2�R�:�H�J�?�R�o~^�v�S�E�H���<~Z�v�o�E����� P �S�E���v~��J�2��)ÓC~^�v�v���

40 5
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∞∑

n=1

⌊
166

5n

⌋

=

⌊
166

5

⌋

+

⌊
166

25

⌋

+

⌊
166

125

⌋

= 33 + 6 + 1 = 40
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P
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n
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x
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n
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1
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n
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10n − 1

9
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«��J�:�S� 10n1 − 1
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^D8f �Ö@2IQ\<WZ=*;>BOIof �Ös �#[2DKWY\S\)W × ;>\SB2L��YIKWTDoBEfÒ[N;>B��IK;CD8LZWØf �>\HG^BU9<W �hs2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fhs�6¥DJ]mIK;>B#sU;C6¥6KWØuEWØf × \HD8L�IF;C6JfÀp � �Z5|IQP2G^B2GCL<DoG�L�OGZ6oG�
2;^L)f�5|IQPOWYB2L)f � \)WCW^9SW��NG^BUV¡c:V:eÖGC\)VÒw^a �#atd,GCB2u�f7d�D868]Q\HDFV � G:@C\HDKWY\�ptB�DKqCWY\HL<DmIorCfd,G2IFWZ\H6F;2;^f �Xy.a`d#W%uZDKqCW × ;>\SBEL��YIFWØDJB � LRLZ;C6m@2IJDF;>Bta}C�Z�

x
�2��~��E�:�Ò�2�C�|�)�N�)�Ò�<�E~��

x +
1

x
= −1

�.¨O�2���
x = e2iπ/3 = j

�E�
x = j̄

�`«��8�:�<�
1/j = j̄

~C�:�
j2 = j̄

~C�:�
j3 = 1

¦^�0�,�:�C�E�N�S���<�E~��
• � � x = j

¦>�<�2�C�
x1994 − 1

x1994
= j2 − 1

j2
= j̄ − j = −i

√
3
�

• � � x = j̄
¦^�<�2�C�

x1994 − 1

x1994
= −i

√
3 = i

√
3
�

¨O�2���
x1994 − 1

x1994
= ±i

√
3
�


 �R}C�Z�
ABCD

�:��~^�
m × n

�v�C�v�v~C�:�Y�o��¦^���¥�<�
m
¦
n ∈ 	 �`§h�E�2�<�o�2�C�7~,�H~Z����O�8�J���>�b�<�E~Z�X�<�H~^�m�v�R�o�v�E�

A
¦2�8�4�v�ZßU�C�v�S�C�?~��X~C�Ò~C�:�Y�o�0���

45◦ �E�?~^�:�>�<�2���X�)�J�:�0����<�2�,�v�^�v�H~^�:�Y�J�E¦E~C�:�?���2�C�Ö�E���v�ZßU�C�v�v�J�:�%�8�#�<���J�7�,~Z�h�
� ~��`«^�2�^�Î�<�E~��`�<�2���H~Z�0���8�¥�:åN�2~��8� �����¥�b~%�E�C�m�S�<ÓU�
� ���`«��:�:�:�E�T�

m
~^�:�

n
�E~Y�E���:���S�E�?�?�E�¡�o~^�v�S�E�b�Z�v��~��v�C�À�<�E~^�

1
���R�Z�v�C�v���8�:���<�2��E�:�Ò�2�C�X���O�v��ßN�^�v�v�J�E�2�X�:�:�:���v���E�:�.�C�.�<�2�,�H~Y�?�:�Z�Q�E�v�����X�����v�R~��E���H�v�)ÓN�

nE;C6FqCW^V0M^r�_À;:M2WY\TI × D86¥DoBEL�
^D8f��Ö@EIQ\)WY=*;>BhIof��Ös �:[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2fU[N;>BOIK;CD8LZWØf�>\HG^BU9<W �?GCBOV�s2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fÒs�68D8]HIF;>B sU;C686FWYu�WYf × \HDJLZIK;C68f¬p �7a#d#Wª@�LZW× \vG�V^6KWYr�� L�W � iN6oGCB:GEIJDK;>Bha� ~�� ��ÓC�v�C�:�.�<�2�,�v�C�v�v~C�:�Y�o���J��~��8�U���J�v�C�v�v�o�E�2�b�v�#�Q�E�v� ~.§U~^�m�S���)�8~^���Z�v�J�t� � ¨U�2��)ÓC~C�?�E�o���J�#�<�2��åN�Y�:�v�0�2���J�^���E~^�
m = 3

~C�:�
n = 2

� �

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..........................................................................................................................................................................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...
...
...
...
...
..
..
..
..
.
..
..
..
..

...
...
...
...
...
..
..
..
..
..
.
..
..
..

...
...
...
...
...
..
..
..
..
..
..
..
.
..

...
...
...
...
...
...
.
..
..
..
..
..
..
.

.
. .
. .
. .
.
. .
. .
. .
. ....
...
...
...
...
.

.................
..
..
.
..
..
..
..
..

.
..
..
..
.
..
..
..
... . . . . . . . . . . . . . . .

0

2

4

6

3 6 9

a
b

b

c

c

d

d



�^� �

¨O�2�*~^�v�v�:~C�b�:~Z�<���8�.���8�S�v�E�v�C�©�C��~!�S�S�H~C�J���>���8�8�:�?�����<���^Ô��:~��v�J�E�
y = x

�¨O�2�!�H~Y�l���R�8�J���>�����8�¥�R�T�E�C���v�:~��8� �l���¥���<�2�Ò�E���H�v�)Ó��S�E�S�v���j�:�E�:�E�8�:�Ò�S�¬�<�2�?�E�C�m�S�<Ó
(mn, mn)

�8�#�<�2�0�<ÓC�v�C�2�<�o�E�t�
� ����¨U�2�,�H~Y���<�v�E�j�j�C�

m − 1
�¥�J�:���X�8�?�E�:�,���J�v�C�v�v�o�E�¡~^�:�

n − 1
�8�#�<�2�,�>�<�2�C�

� �8�¡�<�2�,�)Ó��S���2�)�J�E� �j��¨U���:�Z¦>�<�2�,�E�:�?�:���R���U�v��ßN�^�v�v�J�E�2�R�8�
m + n − 2

�
Ñ ® �R}C�Y�

a
�2�,~,�2~��v�:�H~��U�E�:�?�:���Y�7«^�2�^�Î�<�E~Z�`�<�2�0�CÔE�:~Z�v�o�E�

x2 − y2 = a3

~C� �,~Z�E�Ö�E~^�X�J���v�^�����b�j���8�E�v�J�E�2�X�Q�E�
x
~^�:�

y
�

nE;C6FqCW^VÕM^r?[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f`[N;>BOIK;CD8LZWØf �^\vGCBO9SW��7s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B sU;C6¥6KWØuEWØf × \HD8L�IF;C6Jf p � � � WC;��h\<WYrà5%a �OGCBOV�GZ6868f ��G^=*V:WYB2f�shwTf ptnY5 �5|IQP:GCB:G�L)DJGCL �UG�6JG 
E;^Ljfb5|IQPUWZBELjf � \)WCW^9SW��%GCBOV©c2V:eÖG^\<V wCa �#a�d,GCB2u�f#d�D¥6J]o\HDKV � G2@ �\HDKWY\0ptB�DKqCWY\HL<DmIorCfXd,G2IFWZ\H6F;2;^f �Xy.a`d#W#@�LZW0IQPOW|LZ;C6m@2IJDF;>B*;^] �UG�6JG 
E;^LCa
}C�Z�

x =
a(a + 1)

2

¦
y =

a(1 − a)

2

�`§U�J�C~C�v� �O¦
x
¦
y ∈ �

�X�©�E�v�^���E�C�j¦

x2 − y2 = (x − y)(x + y) =
a2 + a − a + a2

2
· a2 + a + a − a2

2

= a2 · a = a3 �

� �<ÓC�h�0�|�Ò���E�4�v�0�T���¥�E�v�o�E�2�À�v�0�:�v�2���o���?�b���E�<�2�0��~Y� �C�>�   �E�:�?�:���7���E�<�2�sU;>\SBOWY\ ~^�:�0�<�2� ��� ��
 £7�:�<�S�H�J~C�Ò��~��<�2���?~Z�v�o�v�R�X� �2���2�8~>�   �^�E� �H�^�^�   � � �   ã � � ��� �Ñ �R}C�Z�
a
�2�,~�å�Ó^�C�.�0�2���J���E�:�Ò�2�C�Ø�

�R�Z�v�C�v���8�:�R~C�¥�^�j���8�E�v�J�E�2�
x
¦
y
¦
z
�J�4�0�2���o�X�E�:�Ò�2�C�H�h�S�4�<�2�X�H�2�S�S��� �����CÔE�:~^��v�o�E�2�

5x + (a + 2)y + (a + 2)z = a
¦

(2a + 4)x + (a2 + 3)y + (2a + 2)z = 3a − 1
¦

(2a + 4)x + (2a + 2)y + (a2 + 3)z = a + 1
�

nE;C6FqCW^VÕM^r?[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f`[N;>BOIK;CD8LZWØf �^\vGCBO9SW��7s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B�sU;C686FWYu�WYf × \HDJLZIK;C68f�p � � � ;^L��W � @ZDJL0g��� G � � × GC\S\)WY\);^f�ptB�DKqCWY\HL<DmIJG2IR[N;C6¥DmI��WC9vBEDF9HGV:W�s2G2IJG�6m@^B:r�GCf × G^\<9<WT6K;>B2GCf³nZiOGZDoB � [EG�qY6F;^L klGC\vG�uE;N@�V�G 
^D8Ljf¹[2DJ\)WYGCL)f � \)WCW^9SW��
� W^VU@Z6oG¡y.aOk¤@^\TIorCfÀg%;�qCWZ\vfÀ[�5bfÖp�nØ5%a`d#W%uZDKqCW × \vG�V^6KWYr�� L�eÖ\HDmIFW �j@Zi`a¨O�2�,�j�^�S�E�:��~C�:�#�<���8�v�?�^Ô��:~��v�J�E�2�4�Y� �E�

(a − 1)2(y − z) = 2(a − 1)
�

�!�2�C�
a = 1

¦R�<�2���E�H�o�Y�8�2~C�Ö�H�2�S�S��� �v�^���N�<�����v�©�m�0�©�8�:�:���N���:�:�����?�CÔE�:~Z�v�o�E�2�
5x + 3y + 3z = 1

~C�:�
6x + 4y + 4z = 2

¦��o�v�E�»�0���J�)�*�0�Ò�2���H~C�8��~Õ�E�:�^��:~C�H~^�?�Z�v�C�|�j�Z�%���h�0�2���o�C�)�E�:�?�:���|�T���¥�E�v�o�E�2�
x = −1

¦
y = 1 + t

¦
z = 1 − t

¦�0�2�C�v�
t ∈ Z

�



�^���

�!�2�C�
a 6= 1

¦^�0�0�E~Y�E�
y − z =

2

a − 1

� � �
y
¦
z
~^�v�|�0�2���o���E�:�Ò�2�C�H�Y¦��<�2�C�

�T�,�J�`�<�2�Z�J�`�E�¥ät���v�C�:�S�E¦��0���o�)�.�?�C~C�2�`�<�E~��
a − 1 | 2

¦>�v�C�S�S�v�J�v�v�J�:�Ö�<�2�%�N�E�)�)�J�E�¥�8���v�o����S�
a = −1

¦
a = 0

¦
a = 2

¦
a = 3

�
���������U�

a = −1
��¨O�2�,�^Ô��:~��v�J�E�2�4�2�^�S�E�Ò�

5x + y + z = −1
¦

2x + 4y = −4
¦

2x + 4z = 0
¦

�Y�����J�:��~,�T���¥�E�v�o�E�
x = 0

¦
y = −1

¦
z = 0

�
���������:�

a = 0
��¨U�2�0�^Ô��:~��v�J�E�2�4�2�^�S�E�Ò�

5x + 2y + 2z = 0
¦

4x + 3y + 2z = −1
¦

4x + 2y + 3z = 1
¦

�Y�����J�:��~,�T���¥�E�v�o�E�
x = 0

¦
y = −1

¦
z = 1

�
���������:�

a = 2
��¨U�2�0�^Ô��:~��v�J�E�2�4�2�^�S�E�Ò�

5x + 4y + 4z = 2
¦

8x + 7y + 6z = 5
¦

8x + 6y + 7z = 3
¦

�Y�����J�:��~,�T���¥�E�v�o�E�
x = −6

¦
y = 5

¦
z = 3

�
���������h�

a = 3
��¨U�2�0�^Ô��:~��v�J�E�2�R�8�:�S�8�N�2�

5x + 5y + 5z = 3
¦

�0���o�)���T�E�J�:�����v�����E~^�R�:�0�0�2���J�^�<�E�:�Ò�2�C�b�j���8�E�v�J�E�2�Z¦��<�J�:�S�
5 - 3

�
 �,}C�Y�

K
�2�.~#�:�E�)���v���E���0�2���J�0�E�:�Ò�2�C�Ø�4¨O�2�0�T�CÔE�N���:�<� {an : n ≥ 1} �8��:�ZåN�:�C�#�C�

a1 = 1
~^�:�

an
�8�À�<�2�

n��

�2~Z�v�:�H~C�E�E�:�Ò�2�C�`�Z�v�C~Z�S���t�<�E~^�

an−1
�0���J�)��J�Ö�S�E�:�Z�v�N�����7�S�

n
�?�2�E�2�J�

K
�

� ~����R�Z�v�C�v���8�:�,~C�Ò�<Ó>�E�8�J�S�¥�`�Q�E�S�¡�2�J~��Q�E�
an
�

� ���À�!�E~Z�7�8�b�<�2�,�v�C�<�2�¥�`�8�
K = 2

á
nE;C6FqCW^VÕM^r?[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f`[N;>BOIK;CD8LZWØf �^\vGCBO9SW��7s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B#sU;C6¥6KWØuEWØf × \HDJLZIK;C68fÀp � �Y5|IQP2G^B2GCL<DoG�L��UG�6JG 
E;^Ljf�5|IQPUWZBELjf � \<W^WC9<W �EG^BUV�k¹@C\S\vG^rn:a �U6JG^= 
^DJB2f,ptB�DKqCWY\HL<DmIor*;^]t576KM2WZ\TIJGCfÖc:V�=*;>BOIK;>BEf�5 × aÖd#W.uZDKqCWÒIQPUW?eÖ\HDmIFW �j@Ziª;^]× ;>\SB2L��YIKWTDoBha� ~��R}C�Z�

n
�2�,~,�:�E�)���v���E���8���S�C���C�Ø�

«��J�:�S�
an ≡ n mod K

¦t�<�2�?å:�H�<�%�J���v�^�����4�0���o�)�!�J�0�Z�v��~��v�C�|�<�E~C�
an

~C�:��<�E�:�Z�H�N�C���À�v�
n + 1

�Ò�2���2�o�
K
�J�

an + 1
��¨O���:�Y¦^�<�2�

(n + 1)��

�2~��v�:�H~��:�E�:�Ò�2�C�



�^���

�Z�v�C~Z�S���À�<�E~C�
an
�0���J�)�.�8�R�<�E�:�Z�H�N�C���À�v�

n
�?�2�E�2�J�

K
�8�

an+1 = an + 1 + nK
�«��:�?�¡�J�:�%�<�2���T���v���8~��v�J�E�2�Z¦C�0�,���Z�`�<�E~Z�T¦��Q�E�X�T�E���F�¡�J���v�^�����

n ≥ 1
¦

an = a1 + n − 1 + K

n−1
∑

i=1

i = n +
n(n − 1)

2
K
�

� ��� Ù �E� K = 2
¦^�0���8�?�?�^���J~Z�S�Z�����E~Y�E�

an = n2 �Q�E� n ≥ 1
�

Þ � �R�Z�v�C�v���8�:�.~��8�hÔ��:~>�E�v�:�E�o���
(a, b, c, d)

���t�v��~C�O�E�:�?�:���H�|�j~Z�v�J�<�¥�E�8�:���<�2��^Ô��:~��v�J�E�

256a3b3c3d3 = (a6 + b2 + c2 + d2)(a2 + b6 + c2 + d2)

×(a2 + b2 + c6 + d2)(a2 + b2 + c2 + d6)
�

nE;C6FqCW^VÕM^r?[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f`[N;>BOIK;CD8LZWØf �^\vGCBO9SW��7s2P:\HD8L�IF;�iOPOWY\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B�sU;C6¥6KWØuEWØf × \HD8L�IF;C6Jf�p � �tG^BUV*k¹@C\S\vG^r�n:a �U6oGC= 
^DoBEf�phBEDFqCWZ\mL)DKIQrÒ;^]U576KM2WZ\TIJGCfc:V�=*;>BOIK;>BEf:5 × a`d#W%uZDKqCW × ;>\SB2L��YIKWTDoB � L�eÖ\HDKIKW��T@Yi`a}C�Z�
(a, b, c, d)

�2�,~.ÔE�:~^�2�H�:�2�J�#���O�v�C~��U�E�:�Ò�2�C�H�4�)~��v�8�)�¥���J�:�|�<�2�0�^Ô��:~��v�J�E�t�� �t�E�:�,���N�<�2�,�E�:�?�:���H�R�J�
�)���v�U¦>�<�2�C��~��8�N~^�v�
0
� Ù �v�E� �:�^���E�O¦^�0���)�:�2�N�E�j���<�E~Z��:�E�:�R�����<�2�b�Q���:�U�E�:�?�:���H�t�8�

0
��«��8�:�<�7�<�2�X�H�o���>�<�)�E~^�:�%�<�o�2�b�8�t�:�E�)���v���E�`�<�2���v�X���:�S��:��~C�?�T�E�����E�:�?�:���X���U�:�C�Z~��v� �E���v�C~��J�X~^�?�E�:�Z�<�

a
¦
b
¦
c
¦
d
��¨U�2�C�

(a, b, c, d)
�8�X~�T���¥�E�v�o�E�Ò�¥�À~C�:�*�E�E���Ò�¥�

(|a|, |b|, |c|, |d|) �J�|~¡�T���¥�E�v�o�E�t�%¨U���:�Z¦2�0�#�?~Y�Õ�)�:�2�N�E�j��<�E~��
a
¦
b
¦
c
¦
d
~C�v�,�:�E�)���v���E�2�

Ù �v�E� �<�2�%£4� ã �R� � �:�CÔE�:~��8���K�U¦

a6 + b2 + c2 + d2 ≥ 4(a6b2c2d2)1/4 ¦
~^�:�?�<�J�¡�8�8~^�H���#�Q�E�7�<�2�0�>�<�2�C�`�<�E�v�^���o~>�v�v�E�H�4�E�¡�<�2�0�H�o���>�<�)�E~^�:�?�)�J�:�0���N�<�2�.�CÔE�:~^��v�o�E�t��¨U���:�Z¦

(a6 + b2 + c2 + d2)(a2 + b6 + c2 + d2)

×(a2 + b2 + c6 + d2)(a2 + b2 + c2 + d6)

≥ 256(a6b2c2d2)1/4(a2b6c2d2)1/4 × (a2b2c6d2)1/4(a2b2c2d6)1/4

= 256a3b3c3d3 ¦
�0���o�)�Ò�8�:�E�J�S~Z�S���4�<�E~��R�<�2�¡�Y���E���!�^Ô��:~��v�J�E�Õ�8�4�<�2���CÔE�:~��8���K�*�v~^�j�¡���t�<�2�,£4���	�X�� �:�^Ô��:~C�¥�¥�F�t�À¨U�2�C�v�Z�Q�E�v�E¦

a6 = b2 = c2 = d2 = a2 = b6 = c6 = d6 �
�<�E~��7�8�Z¦

a = b = c = d = 1
�

¨O�2���,�<�2�4�T���¥�E�v�o�E�2�À~^�v�
(0, 0, 0, 0)

~C�:�
(ε1, ε2, ε3, ε4)

�0�2�C�v�
εi = ±1

�Q�E�
i = 1

¦
2
¦
3
¦
4
~C�:� ∏4

i=1 εi = 1
�



�^�^�

â ���!���:�ZåN�:�|�<�2���Q���8�J�^���J�:�%�E�:�C�H~Z�v�o�E�0�0���J�)�,���8�¥�N�:��~^�2�2�¥�o�C�.�v�#~,�v�^� ����2~C�H�4�:�Z�J�:���<�¥�v�:~Z�S�C���<�o�2�^�)�C�:�<�)�J�:�,�E���:�E�)���v�o�E�2�
1
¦
. . .
¦
N
�

�E~^�)���E~^�7�)���v�:~��v�^�¡~Z�b~C�?�2�2�:�<�E�:�Ò�2�C�v�C�?�:�E�)���v�o�E�.�J�X�J���8�7~C�X�J�Y¦C�0���8�J�,�C~^�)��2~C��~���~^���T�E���:�)�E�:�?�:���v�^���:�E�)���v�o�E�A�J�0�v���2�8~>�S�^���C�A�m�0���E~^�H���*£7�8�S���%�<�E~Z�T¦`~C�¥��2~C�H�b���¥�8�N�2���2�E�b�<�o�2�^�)�C�:�<�)�J�:�%�J�¡�)�N�)�#~%�,~Z�.�<�E~Z�b~��8�N�2~C�H�X�Q�E�S� ~,�:�Ø� �v�^� ~C�:�~^�v���)���v�:~��v�^� � �<�o�2�^�)�C�:�<�)�J�:� �`�E���:�E�)���v�o�E�2�
1
¦
. . .
¦
M
�

Ù �v�E�°~^�Ò�J�E���v�J~��h�E�:�Ò�2�C�
a0 > 0

���À�E~^�H�4�<�2���v�¡�E�v�J�Y�J�2~Z�S��� � �C�*�<�N�<�S�C�)�)� �E�~^�2�2�¥�o�v~��v�J�E�©���7�<�2�Õ~>�2�C�E�C�j�2��å:�:�^�©�E�:�C�H~Z�v�o�E� �|~*�j�^Ô��N�C�:�S�E¦ {an : n ≥ 0} ����2~��v�:�H~��7�E�:�?�:���H�Z¦h�0�2���v�
an

�J�%�<�2�Ò�E�:�?�:�������X�E~^�H�,~��8�S�����E~Y�E�8�:��~^�2�2�¥�o�C�!�<�2��E�N���H~��v�J�E�
n
�v�J�?�C���

� ~��RÝ:�v�C�E�%�<�E~��7�Q�E�7~C�¥�
n > 0

�0�0�E~Y�E�
an 6= 1997

�
� ��� �R�Y�S���S�¡�J�:�%�<�2�,�2~Z�v�:�H~C�U�E�:�?�:���H�X�<�E~��X�v~^�?�E�E� �?�2�S�S�:�b~C�

a0
�E�

a1
�

nE;C6FqCW^V M>r [2DKWY\S\)W × ;>\SB2L��YIKWTDoBEf�[N;>BhIF;CDJLYWYf �^\vGCBO9SW��©G^BUV�s2P:\HD8L�IF;�iOPOWY\ � a
× \vG�V^6KWYr�f7s�68D8]HIF;>B!sU;C686FWYu�WYf × \HDJLZIK;C68fÖp �7aÀd#W%u�DFqCW × ;>\SBEL��YIFWØDJB � LRLZ;C6m@2IJDF;>Bta� ~��|}C�Y�

n
�2�.~#�:�E�:�)�:�C�Z~��v� �E�0�J���v�^�����Y�Ö�!�2�C�?�<�2�#�E�:�C�H~Z�v�o�E�?�8�|~C�:�E�8�J�^���v�

~,�v�^� ���
an
�E~^�H�Y¦^�<�2�%�v�>�v~��:�E�:�Ò�2�C�b���U�2~C�H�b�J�:�<�v��~^�j�C�R�C� an

2

�8�
an
�8�R�T�E���O¦E~C�:�

�C� an − 1

2

�¥�
an
�8�Ö�2�:�h��¨O���:�Y¦E�Q�E�b�T�E�C�F�

n ≥ 0
¦

an+1 =







3an

2

�¥�
an
�J�Ö�T�E���O¦

3an − 1

2

�¥�
an
�J�Ö�2�2�t�

}C�Z�
p
�2�%~��2~��v�:�H~��:�E�:�?�:���t���¥�<�

p ≡ 2 mod 3
�R}C�Y�

n ≥ 0
�2�%~^�0�J���v�^�����Y�«��:�:�:�E�T�

an+1 = p
� � �

an
�J���T�E���O¦N�<�2�C�

3an = 2an+1 = 2p ≡ 1 (mod 3)
¦~Ò�<�E���S�H~^�E�J�v�v�o�E�O¦N�0���8�J�¡�¥�

an
�J���2�:�U¦O�<�2���

3an = 2an+1 + 1 = 2p + 1 ≡ 2
(mod 3)

¦U~¡�<�E���S�H~^�E�J�v�v�o�E�t�|¨O���:�Y¦
an+1 6= p

��«��J�:�S�
1997 ≡ 2 (mod 3)

¦N�:~C�H�
� ~����J�R�2�v�C�E�C�t�

� ���b�!�#�E~Z�E�#�j�^���Ò�<�E~Z�R�8�
p ≡ 2 (mod 3)

¦:�<�2�C�
p
�v~^�*�E�E���Õ�2�<�S�:�R�8�Ò�<�2��T�CÔE�N���:�<�,~C�

a0
�

���������U�
p = 9k

¦>�����<�
k ∈ 	 ∗ �

Ù �E� a0 = 4k
¦`�0�*�E~Z�E�

a1 = 6k
~C�:�

a2 = 9k
�l¨O���:�Y¦

p
�S~C�l�2�S�S�:�,�8���<�2��T�CÔE�N���:�<�,~C�

an
�����<�

n ≥ 2
�

���������:�
p = 9k + 1

¦^���¥�<�
k ∈ 	 �

Ù �E� a0 = 4k + 1
¦>�0�,�E~Z�E�

a1 = 6k + 1
~^�:�

a2 = 9k + 1
�`¨O���:�Y¦

p
�S~C�Ò�2�S�S�:��J�#�<�2�,�j�^Ô��N�C�:�S�,~C�

an
���¥�<�

n ≥ 2
�

���������:�
p = 9k + 3

¦^���¥�<�
k ∈ 	 �«��:�:�:�E�T�R�<�E~��O�<�2���v�|�)ÓC�J�S�v�À~^���8���S�C���C�

n ≥ 1
�)�N�)�%�<�E~��

an+1 = p
� � �

an
�J�`�T�E�C�O¦�<�2�C�

3an = 2p = 2(9k + 3)
¦h~C�:�A�2���:�<��¦

an = 6k + 2 ≡ 2 (mod 3)
�����<�

n > 0
¦>~��S�E���S�H~>���o�v�v�J�E�t� � �

an
�J�7�2�:�U¦C�<�2���

3an = 2p+1 = 2(9k+3)+1 ≡ 1
(mod 3)

¦h~��<�E���S�H~^�E�J�v�v�o�E�t�,¨O�2���v���Q�E�v��¦
p
�v~^�2�:�>�|�2�<�S�:�Ö�8�Õ�<�2�¡�j�^Ô��N�C�:�S��~C�

an���¥�<�
n ≥ 2

�



� �^�

���������h�
p = 9k + 4

¦^���¥�<�
k ∈ 	 �

Ù �E� a0 = 4k + 2
¦>�0�,�E~Z�E�

a1 = 6k + 3
~^�:�

a2 = 9k + 4
�`¨O���:�Y¦

p
�S~C�Ò�2�S�S�:��J�#�<�2�,�j�^Ô��N�C�:�S�,~C�

an
���¥�<�

n ≥ 2
�

���������:�
p = 9k + 6

¦^���¥�<�
k ∈ 	 �

Ù �E� a0 = 4k + 3
¦>�0�,�E~Z�E�

a1 = 6k + 4
~^�:�

a2 = 9k + 6
�`¨O���:�Y¦

p
�S~C�Ò�2�S�S�:��J�#�<�2�,�j�^Ô��N�C�:�S�,~C�

an
���¥�<�

n ≥ 2
�

���������N�
p = 9k + 7

¦^���¥�<�
k ∈ 	 �«��:�:�:�E�T�R�<�E~��O�<�2���v�|�)ÓC�J�S�v�À~^���8���S�C���C�

n ≥ 1
�)�N�)�%�<�E~��

an+1 = p
� � �

an
�J�`�T�E�C�O¦�<�2�C�

3an = 2p = 2(9k + 7) ≡ 2 (mod 3)
¦�~Ò�S�E���S�H~>���o�v�v�J�E�t� � �

an
�8�,�2�:�U¦�<�2�C�

3an = 2p + 1 = 2(9k + 7) + 1
¦E~^�:���2�C�:�S�E¦

an = 6k + 5 ≡ 2 (mod 3)���¥�<�
n > 0

¦>~��<�E���S�H~^�E�J�v�v�o�E�t�t¨U�2�C�v�Z�Q�E�v�E¦
p
�v~^�2�:�>�`�2�S�S�:���8�,�<�2�|�T�CÔE�N���:�<�|~^�

an���¥�<�
n ≥ 2

�
� �b�Q���¥�o�^�,�7�<�E~��`�<�2���2~��v�:�H~��U�E�:�Ò�2�C�H�X�<�E~��X�v~^�?�E�E�����2�S�S�:�b~^�

a0
�E�

a1
~^�v��<�2�E�T�,�<�E�:�Z�H�N�C���`�S�

2
¦
3
¦
5
¦
7
¦2�E�

8 (mod 9)
�

� � }C�Y�
n
�:� ~ å�Ó^�C� �2~��v�:�H~��.�E�:�Ò�2�C�Ø� �R�Z�v�C�v���8�:� ~C�¥�.�:�����E�:�E���8~C�8�

x2 + ax + b
¦^�0�2���v�

a2 ≥ 4b
¦E�)�N�)�.�<�E~Z�

x2 + ax + b
�������o�2�C�

x2n + axn + b
�

nE;C6FqCW^V�M^r.k�DK9vPUWØ6 × G2IJG�D¥686FWYf�_�;N@EWYB2f �^\vGCBO9SW���[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2ft[N;>BOIK;CD8LZWØf�>\HG^BU9<W �¤s2P2\HDJLZIK;�iOPUWZ\ � a × \HGEV^6FWYrCf�s�68D8]HIF;>B sU;C686FWYu�WYf × \HDJLZIK;C68f p � �,5|IQP2G^B2GCL<DoG�L�OGZ6oG�
2;^L)f�5|IQPOWYB2L)f � \<W^WC9<W �ÒGCBOV¹k¤@^\S\HG>rln2a �U6oGC= 
^DoBEf¬ptB�DKqCWY\HL<DmIor ;^]4576KM2WZ\TIJGCfc:V�=*;>BOIK;>BEf:5 × a`d#W%uZDKqCW × G2IJG�D¥686FW � L�eÖ\HDKIKW��T@Yi`a� �
n = 1

¦N~��8�O�N��� �2�:�E�¡�J~��J�
x2 + ax + b

~^�v�.�j���8�E�v�J�E�2�C�Ö�!�����8�¥�h�<�:�:�:�E�T�
n > 1

�o�v�E� �:�^�Ú�E�t�Õ«��J�:�S�
a2 ≥ 4b

¦t�<�2���v�Ò�)ÓC�J�S�%�v�C~��`�E�:�Ò�2�C�H�
x1
¦
x2

� �:�>��:�^�S�C�)�j~C�v�¥���Õ���J�S�v�J�:�v� �7�)�N�)���<�E~Z�
x2 + ax + b = (x − x1)(x − x2)

� � �R�Q���¥�o�^�,��<�E~��
x2n + axn + b = (xn − x1)(x

n − x2)
�

� �^�¡¦N�8�
x2 + ax + b

�E� �E�J�:���
x2n + axn + b

¦N�<�2�C�
x1
¦
x2
~^�v�#�v�2�>�v�%���

x2n + axn + b
¦��j�Õ�<�E~Z�

xn
1 = x1

�E�
xn

1 = x2
¦�~C�:�

xn
2 = x2

�E�
xn

2 = x1
�¨O�2���v���Q�E�v��¦

x1
~^�:�

x2
���:�S�X�2���J�E�:�%�v� {−1, 0, 1} �

� �^���0�,�)�2�C�)¢,�<�2�,�:�E�j�<�o���o���S~C�T��� �
• � � x1 = x2 = 0

¦t�<�2�C�
a = b = 0

~C�:�
x2 + ax + b = x2 �������o�2�C�

x2n + axn + b = x2n �
• � � x1 = 0

¦
x2 = −1

¦>�<�2�C�
a = 1

¦
b = 0

~^�:�
x2 + ax + b = x(x + 1)�E� �E�J�:���

xn(xn + 1)
�E�E� �¡�¥�

n
�8�Ö�2�:�h�

• � � x1 = 0
¦
x2 = 1

¦>�<�2���
x2 + ax + b = x(x − 1)

�������o�2�C�
xn(xn − 1)

�
• � � x1 = −1

¦
x2 = −1

¦C�<�2���
x2 +ax+ b = (x+1)2

�������o�2�C�
(xn +1)2�E�E���#�8�

n
�8�Ö�2�:�h�

• � � x1 = 1
¦
x2 = 1

¦>�<�2���
x2 + ax + b = (x − 1)2

�������o�2�C�
(xn − 1)2

�
• � � x1 = −1

¦
x2 = 1

¦>�<�2�C�
x2 + ax + b = x2 − 1

�������o�2�C�
x2n − 1

�



� �  

� ���S�E�:�S�8�:�<�o�E�O¦Ø�Q�E�
n
�2�:� �

n > 1
�S¦Ø�<�2�X�j���8�E�v�J�E�2�h~C�v�

x2 ¦ x(x+1)
¦
x(x−1)

¦
(x + 1)2

¦
(x − 1)2

¦
x2 − 1 �

~^�:�?�Q�E�
n
�T�E�C�O¦2�<�2�.�j���8�E�v�J�E�2�4~^�v�

x2 ¦ x(x − 1)
¦

(x − 1)2
¦
x2 − 1

�
c:V^DKIK;>\ � L¡9S;>=?=*WZBOI ��� �J~C�Ò¢C�J�¬�N���8���v�0���E�|�<�E~Z�%�8�À�<�2�Õ�<�E�:���¥�v�J�E� a2 ≥ 4b�J�|���¥�J�¡�J�2~Z�S�C�O¦E�<�2� �)���v�E�

x1
¦
x2
�v~^�Õ�:�.�<�E���2�J�)Ó¡�S�N�:�.�v�2�>�H�|���h�:�E�¥�F�O¦N~��8�J�^���J�:�~^�:�>�<�2���b�N�E�)�)�J�E�¥�8���K�U¦

x2 + x + 1
¦E�:�v���E�J�:�C�

n
�J�R�:�>�b~,���2���v�J�E�o�,���

3
�

� �<ÓC�¬�0� �Ò���E���S� �v�C~^�:���H� �.�T���¥�E�v�o�E�2�l�Q�E�©�:�v�2���o���?� ���?�<�2��� � �)�J�C� �)¢C~«Z�v~^�C������o��������o¢^���:�2�E� Ù �H~C�Ò�E~��o�E�j�j¢ ����J~C�:�C��~   �^� � ã   �>� � �H�^�^�  �� � � � ã � � � � �Ñ ��§O~��o�S�2�8~��v�*�<�2�A~C�v�C~¬���R�<�2�A�v�C�Y�o�E�©�8�©�<�2�!�2�8~^�:�A�:�Y�S���S�¡�J�:�C�³�C���<�2��J�:�CÔE�:~��8���K�
|x| + |y| + |x + y| ≤ 2

�
nE;C6FqCW^V0M^r�_À;:M2WY\TI × D86¥DoBEL�
^D8f��Ö@EIQ\)WY=*;>BhIof��Ös �:[2DKWY\S\)W × ;>\SBEL��YIFWØDJB2fU[N;>BOIK;CD8LZWØf�>\HG^BU9<W �Rs2P:\HD8L�IF;�iOPOWY\ � a × \HGEV^6FWYrCfXs�68D8]HIF;>B�sU;C6¥6KWØuEWØf × \HD8L�IF;C6Jf|p � � � ;^L��W � @�D8L0g �� G�� �

× G^\S\<WZ\<;^fXphBEDFqCWZ\mL)DKIoGEIt[N;C6¥DmI��WC9vBEDF9HG,V:W�s2GEIoGZ6H@CBNr�G�f × GC\)9SWØ6F;>B:G�fUnZiOGZDoB �:G^BUV.k¹@C\S\vG^rn:a �U6JG^= 
^DJB2f.ptB�DKqCWY\HL<DmIorA;^]�576mM2WY\TIoG�f%c:V�=*;>BOIK;>BEf`5 × a|d#W¡uZDKqCW*IQPUW¡LY;C6H@EIJDK;>B©;^]gXDJG�� � × G^\S\<WZ\<;Na}C�Z� A = {(x, y) ∈ � 2 : |x| + |y| + |x + y| ≤ 2} �:�,�<�2�#�Y� �E�C�Ò�v�^�Y�J�E�t��!�#�S�J~��J� �<�E~Z� A �E~C�|~C�v�C~
3
�4¨2�?�:�v���E�0�<���8�Z¦��0�.�S�v~C�H�Ö�C�Ò�v�^�v~C�¥�8�8�:���<�E~Z�X�Q�E�R~C�¥�

a ∈ � ¦ |a| = | − a| � � �`�Q���¥�o�^�,�`�<�E~Z� A �8�X�H�E�?�?�Z�S�H�o�����¥�<�.�v���j�:�^�v�À�v�.�v��ßN�^�v�v�J�E��<�E�v���N���0�<�2���E�H�o�Y�8�t� 	,���:�<��¦>���`�)� �Ò�<���`�S�0�8�>�E�C�S�v�o�Z~Z�S�4�<�2���Y���E���.�J�:�CÔE�:~��8���K�#�E�E����0�2�C�
y ≥ 0

�
� �#�<�2��å:�H�<�bÔE�:~^�2�H~C���T¦>�0�2���v�

x ≥ 0
~C�:�

y ≥ 0
¦^�0���E~Z�E�

x + y ≥ 0
¦E~C�:��<�2�,�8�:�^Ô��:~C�¥�¥�F�?�:�C�<�E�?�C�

x + y + x + y ≤ 2
�7¨U�2�C�v�Z�Q�E�v�E¦��<�2�,�2~^�m�R��� A �J�#�<���J�ÔE�:~^�2�H~C���b�J�b�<�2�%�S�v�8~^�:�Y�J�

AOB = {(x, y) ∈ � 2 : x ≥ 0
¦
y ≥ 0

¦
x + y ≤ 1} �

� �Ò�<�2�#�T�C�<�E�:�*Ô��:~>�E�H~^���T¦:�0�2���v�
x ≤ 0

~C�:�
y ≥ 0

¦2�0�¡�E~Y�E�.�m�0�?�N�E�)�)�J��E�¥�8���v�o��� � � ~��
x + y ≥ 0

�E� � ���
x + y ≤ 0

� � ���S~C�T� � ~��S¦>�<�2�%�J�:�CÔE�:~��8���K�¡�:�C�<�E�?�C�
−x + y + x + y ≤ 2

¦E~^�:�.�0�,�E~Y�E���<�2���S�H�J~C�:�Y�o�

BOC = {(x, y) ∈ � 2 : x ≤ 0
¦
0 ≤ y ≤ 1} ¦

� �Ò�S~C�T� � � �S¦E�<�2���8�:�^Ô��:~C�¥�¥�F�?�:�C�<�E�?�C� −x + y − (x + y) ≤ 2
¦:�:�Y�S���S�¡�J�E�8�:���<�2��S�v�8~^�:�Y�J�

COD = {(x, y) ∈ � 2 : −1 ≤ x ≤ 0
¦
y ≥ 0} �

¨O�2���T�0�S�H�J~C�:�Y�o�����S~C�!�2�#�T�C�C�Ò�J�?�<�2�.åU�Y�:�v�¡�E�?�<�2�#�:�)Ó��4�2~>���2�
	O��ßN�^�v�v�8�:�,�<�2����<�E�v���N���#�<�2�0�E�H�o�Y�8�O¦^�0���T�C���<�E~Z� A �J�b�<�2�0�2�<ÓC~>���E�
ABCDEF

¦C���¥�<�¡~C�v�C~
3
�
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a
¦

b
¦4~C�:�

c
~^�v�!�<�2�!�<�E�v�^�¬�v�2�>�v�?���4�<�2�¬�N��� �2�:�E�¡�J~��

p(x) = x3 − 19x2 + 26x − 2
�`§O~��o�S�2�8~��v�

1

a
+

1

b
+

1

c

�

nE;C6FqCW^V�M^r!_hGCPt@Z6 × G^BU;:IQ\vG�fbLZIv@EV:WYBhIofXnZDo\¡d�DJB2LZIK;>Bls2Ph@^\<9vPED¥686 �|DJuCP¬n�9vPO;2;C6G^BUV�n^GC=?GZiÀIJDÖnCG^=?GYiÀIJDJf¡d#WYLZIKWY\SB¹s2GCB:G�V�G �|D8u^Pln�9vPO;2;C68f0s2G�68u^GC\Sr�fR5 × �|klGC\)9T@�Lc�=?=?GCBt@�WØ6 × GC\SBOWØLjf%LZIv@EV:WYBhIof��2;>\ 
ÎptB�DKqCWY\HL<DmIor ��[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2f.[N;>BOIK;CD8LZWØf�>\HG^BU9<W � s2P2\HDJLZIK;�iOPUWZ\ � a × \HGEV^6FWYrCf¹s�6¥DJ]mIK;>B»sU;C6¥6KWØuEWØf × \HDJLZIK;C68f p � � � ;^L��W � @ZDJLg��� G � � × GC\S\)WY\);^f ptB�DKqCWY\HL<DmIJG2Ià[N;C68DKI �W^9vB�DK9mG V:W s2GEIoGZ6H@CBNr�G�f × GC\)9SWØ6F;>B:G�f°nZiOGZDoB �c^6¥D �)GEM2W>IQP [EGC\ 
>f©d#WØL�IFWZ\SB�s2GCB:G�V�G �|D8u^P n�9vPO;2;C68f¬s2GZ6JuCG^\vrCf.5 × aÒd#W©u�DFqCW¤IQPUWLZ;C6m@2IJDF;>B*;^] × GCBO;:IQ\HG0G^BUV¡n^GC=?GZiÀIJDma� �
a
¦
b
¦
c
~C�v���<�2���v�2�>�v�Ö���N�<�2���N��� �2�:�E�¡�J~��K¦^�<�2�C�

(x − a)(x − b)(x − c) = x3 − 19x2 + 26x − 2
� �   �

�CÓ^�:~C�:�E�8�:�|���o�Z�o�E� �

(x − a)(x − b)(x − c)

= (x2 − (a + b)x + ab)(x − c)

= x3 − (a + b)x2 + abx − cx2 + (a + b)cx − abc

= x3 − (a + b + c)x2 + (ab + bc + ac)x − abc
� � � �

Ù �v�E� �   �À~^�:� � � �h�0�,���Y�

a + b + c = 19
¦

ab + bc + ac = 26
¦

abc = 2
�

¨O���:�Y¦>�0�,�E~Y�E� 1

a
+

1

b
+

1

c
=

bc + ac + ab

abc
=

26

2
= 13

�
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52
�J���v�^�����H�R�J�R�Y���E���t�7«^�2�^�Î�<�E~Z�b~^�?�E�:�Z�<�À�<�2�C�j�,�E�:�?��:���H�R���7�8�R�N�E�)�)�J�E�J�%�v�#å:�:�#�m�0�#�)�N�)�.�<�E~Z�

100
�E� �E�J�:���Ö�����<�2�C�À�<�2���8�b�<�:� �E�`�<�2�Z�J��E�¥ät���v�C�:�S�:�

nE;C6FqCW^V�M^r.k�DK9vPUWØ6 × G2IJG�D¥686FWYf�_�;N@EWYB2f �^\vGCBO9SW���[2DFWZ\S\<W × ;>\SBEL��YIFWØDJB2ft[N;>BOIK;CD8LZWØf�>\HG^BU9<W �Xs2P2\HDJLZIK;�iOPUWZ\ � a × \HGEV^6FWYrCfbs�68D8]HIF;>B¬sU;C6¥6KWØuEWØf × \HDJLZIK;C68f|p � � �0;>B2u^r�D � D8fhLZIv@ �V:WZBOIofÖn�DJ\�d�DoBEL�IF;>B³s2Ph@^\<9vPED¥686 �|D8u^P¬nE9vPU;2;C6Jf%s2G�68u^GC\Sr�f`5 × �Ök¤@^\S\HG>rÕn:a��U6oGC= 
^DoBEfptB�DKqCWY\HL<DmIor¤;^]|576mM2WY\TIoG�f*c2V�=*;>BhIF;>B2f,5 × ��G^BUVÎ[EGEqØ6K;^L�k©G^\HGCu�;N@EV�G�
^DJL)fÕ[2Do\<WZG�Ljf� \)WCW^9SW�a�d#W%uZDKqCW.IQPUW%LY;C6H@EIJDK;>BÕ;^] �U6oGC= 
^DoBha
¨O���8�t�:�v�2���o��� ~C�:�:�C~C�v�^�%~^�h~ 	O�:�)�)�8~^���X���E�?�E�J~^�%�:�v�2���o��� ÔE�2���S�X�T�E�?�7�v�8�Ò�~>���h� �Ö�E�Q�E�m�v�:�2~��v��� �O¦ � �2�¡�:�>�X�E~Y�E�,~,�v���Q���v�C�:�S�:�
�E~^�)�l���X�<�2�*�E�:�Ò�2�C�H���S~C�ª�2�A�)Ó^�:�v���j�j�^���J���<�2�*�Q�E�v�

100a + b
¦`�0�2���v�

−49 ≤ b ≤ 50
�À«��J�:�S�Ö�<�2�C�v�|~^�v�|�E�E���
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�N�E�)�)�J�E�J�X��~C�¥�N�C�À�Q�E� |b| ¦^~��t�J�C~C�<�h�m�0�,����<�2�C� �¡�:�<�4�2�0�<�2�.�j~C�Ò�2� � �t�<�2�#�<�E�v�v�C�)�N�E�:���J�:�0�E�:�Ò�2�C�H���E~Z�E�#�E�:�:�E�)���S�.�<�o�Z�2�~^�)�T�2�S�8~��v�^�?���¥�<�

b
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100 �
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100
�

¨O�2�¬�v���)�2���#�8�#�S�v�N�¬�?�E�v�����C�:���H~C�¥���l�¥�R�0�¬�v���2�8~>�S�
100

�C�
n
~^�:�

52
�C�

bn/2c + 2
�

Þ � � � �b«^�2�^���<�E~��b�<�2�#�<�:�»���O�<�2�¡���o�Y���v�%���À�T�E���F�Ò�8���S�C���C�R���2���v�J�E�o�#���
99
¦�o�v�E�

1 · 99
�:�¡�v�¡~^�:�¡�8�:�S�8�N���J�:�

100 · 99
¦E�8�

18
�

� �¥� ��«^�2�^�»�<�E~Z�,�<�2�A�)�:� ���R�<�2�¬���o�Y���v�����|�T�E�C�F�©�8���S�C���C�.�¡�2�¥�v�8�2�J�¬���R�<�2��E�:�Ò�2�C�
10n − 1

¦��o�v�E�
1 · (10n − 1)

�:�A�v�A~^�:�A�8�:�S�8�N���J�:�
10n · (10n − 1)

¦�J�
n · 9

�
nE;C6FqCW^V�M^r|k�DK9vPUWØ6 × G2IJG�D¥686FWYfN_�;N@EWYB2f��^\vGCBO9SW��Us2P:\HD8L�IF;�iOPOWY\ � a × \HGEV^6FWYrCfUs�6¥DJ]mIK;>BsU;C686FWYu�WYf × \HDJLZIK;C68f�p � �7k¹@C\S\vG^r�n2a �U6JG^= 
^DJB2f%ptB�DKqCWY\HL<DmIorÒ;^]O576KM2WZ\TIJGCfXc2V�=*;>BhIF;>B2f5 × �RG^BUV�nCG^=?GYiÀIJDÖnCG^=?GYiÀIJDJf#d#WØL�IFWZ\SB¤s2GCB:G�V�G �|D8u^P©n�9vPO;2;C68f,s2G�68u^GC\Sr�fb5 × a�d#Wu�DFqCW.IQPOW|LZ;C6m@2IJDF;>B*;^] �U6oGC= 
^DoBha
� � �

99n = 100n − n
�©¨O���:�Y¦7�¥�

n
�J�.~*�)�8�:�Y�o�C�j���o�Y���,�E�:�Ò�2�C�j¦`�<�2�!���o�Y���v��v�C�<�2�¥�v�8�:���o�v�E�Ú�<�N���S�H~^�v�v�J�:�

n
�o�v�E� �<�2�

3 ã �E�J�Y�¥�X�E�:�?�:��� n00
~C�v�

n − 1
¦
9
¦2~C�:�

10 − n
¦��Q�E�`~,�<�:� ���

18
� � �

n
�8�X~

2ã ���o�Y���7�E�:�Ò�2�C� ab
���¥�<�

b = 0
¦^�<�2�,���o�Y���v�R���

100n − n
~C�v�

a − 1
¦
9
¦
10 − a

¦N~^�:�
0
¦E�0���o�)�?�<�v�¥�8�O�)�:� �v�

18 �
�¥�

b 6= 0
¦:�<�2����<�2�0���o�Y���v�R���

ab00 − ab
~^�v�

a
¦
b − 1

¦
10 − a − 1

¦E~^�:�
10 − b

¦�~>�Z~��J�¡�)�:�����8�:��S�
18
� � � �#~%�<�J�¡�8�8~^�U�,~Y�,�¥�t�Q���8�J�^�,���<�E~��h�<�2�%�<�:� ���E�<�2�%���o�Y���v�b��� W�qCWZ\vr ���2���v�J�E�o����

99
�8�

18
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� �¥� �ÖÝ:�v�2�<�C�^���J�:���J�Ò~.�)�8���¥�J~C�`�,~Z�?~C�4�8� � � �<¦:���X�Q���¥�o�^�,�X�<�E~��b�<�2�.�<�:� ���O�<�2��E�J�Y�¥�H�0�����<�2�?�E�:�?�:���
99 . . . 9m

¦O�0�2���v�¡�<�2���v�?~C�v�
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m
�o�v�E�

m00 . . . 0
� Ù �E�Ö�)ÓC~C�?�E�o��¦N�8� m
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2 ã �E�J�Y�¥�Ö�E�:�Ò�2�C� ab

�:�>��C�:���J�:���J�
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â ��¨O�2���T�CÔE�N���:�<� {an} �8�Ö�:�ZåN�:�C�?�C� a1 = 1
~^�:�U¦E�Q�E�

n ≥ 1
¦

an+1 =
an

1 + nan

�

Ù �8�:� a1996
�

nE;C6FqCW^V�M^r0k�DF9vPOWT6 × GEIoGZD86¥6KWØf�_À;N@�WZBEf �>\HG^BU9<W ��_À;:M2WY\TI × D¥68DJB2L 
^DJf �Ö@EIQ\)WY=*;>BhIof
�Ös �Ò[2DFWZ\S\<W × ;>\SB2L��YIKWTDoBEfA[N;>BhIF;CDJLYWYf �^\vGCBO9SW��ªs2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�f�s�6¥DJ]mIK;>BsU;C686FWYu�WYf × \HDJLZIK;C68f�p � �7k¹@C\S\vG^r�n2a �U6JG^= 
^DJB2f%ptB�DKqCWY\HL<DmIorÒ;^]O576KM2WZ\TIJGCfXc2V�=*;>BhIF;>B2f5 × ��n^GC=?GZiÀIJD�nCG^=?GYiÀIJDJfÕd#WYLZIKWY\SB s2G^B2GEV�G �|D8u^P n�9vPO;2;C68f?s2GZ6JuCG^\vrCf|5 × � �0WØDJB � ����@C\Hu�WZB�n�WØD �ÀWY\TIof × WZ\H6¥DoBEf � WY\S=?G^B:r �Ng�a � aZn^=*WCWZB�
>f���G�6KIHM2;>=?=*WØ68fNIQPUWRy,W^IQPOWY\H6oGCBOV>L �G^BUVAc:V:eÖGC\)V�w^a �#aRd,GCB2u�f�d�D¥6J]o\HDKV � G2@^\HDFWZ\�phBEDFqCWZ\mL)DKIQr�f�d,GEIKWY\H6K;2;^f �Xy.aRd#W,u�DFqCWIQPOW%LY;C6H@EIJDK;>BÕ;^] × G2IJG�D¥686FW�a�E��~C�¡�J���Ò�C�E�8~��v���8�:�E�N�v�v�J�E�O¦

an > 0
�Q�E�7~C�¥�

n
�

� �^�¡¦ 1

an+1

=
1 + nan

an
=

1

an
+ n

�Q�E�7~��8�
n
� � �7�Q���8�J�^�,�b�<�E~Z�

1

a1996

− 1

a1

=
1995∑

k=1

(
1

ak+1

− 1

ak

)

=
1995∑

k=1

k =
1995 × 1996

2

�

«��J�:�S�
a1 = 1

¦|�0�l�2�^���N�<���<�E~Z� 1

a1996

= 1 +
1995 × 1996

2
= 1991011

�
¨O�2���v���Q�E�v��¦

a1996 =
1

1991011

�
� � � �.~|�TÔ��:~^�v�%�2�2�2¢^�S~C�T�R�m�0���J�:�����v�o�v~C�E�:�2�2¢^�7~C�v�|�E�J~^�<�C�0~^�`�T�2�^�,�,�8�,�<�2�åU�Y�:�v�2�7«��:�:�:�E�T�%�<�2�0�2���J���>�X���N�<�2�0�2�2�2¢^�S~C�T���8�
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nE;C6FqCW^V!M^rÒ_hGCPt@Z6 × GCBO;:IQ\HGCftL�Iv@�V:WZBOIof`nZDo\0d�DJB2LZIK;>B�s2Pt@C\)9vP�D86¥6 �|D8u^P*n�9vPO;2;C68fs2G�68u^GC\Sr�fª5 × �³_�;:M2WZ\TI × D86¥DoBEL�
^D8f �Ö@2IQ\<WZ=*;>BOIof �Ös �³s2P2\HDJLZIK;�iOPUWZ\ � a × \vG�V^6KWYr�fs�68D8]HIF;>B sU;C686FWYu�WYf × \HD8L�IF;C6Jf p � �Òk¤@^\S\HG>r�n:a��U6oGC= 
^DoBEf¤phBEDFqCWZ\mL)DKIQr ;^]0576KM2WZ\TIJGCfc:V�=*;>BOIK;>BEfb5 × �RGCBOVlg�a � abnC=*W^WYB 
>f���G�6KIHM2;>=?=*WØ68f�IQPOW*y,W^IQPOWY\H6oGCBOV>L�a d#W�u�DFqCW× D86¥DoBEL�
^D � LRLZ;C6m@2IJDF;>Bta¨O�2�,�j���8�E�v�J�E�#�J�X�¥�8�¥�:�<�S�H~Z�S�C�?�C�¡~.���J~^�Z�H~^� ~Z�`�<�2�,�C�:�h�
�b�N���S�*�<�2�?~>���:�:�2~C�:�<�*���b�H�o���>��~C�:�Y�o���0~C�:���<�E���2�J�C�?�C���H~^�F�¬~^�:�Y�J�C�Y¦h�0��E~Z�E�7�m�0�4�:~��J�H�t���>�<�E�:�Z�H�N�C���N�S�H�J~C�:�Y�o��� � 4ABI ∼= 4FGJ

¦ 4CJB ∼= 4HIG
�£7�8�O�Q���:�4���h�<�2���T�0�S�H�J~C�:�Y�o���|~^�v�#�<�J�¡�8�8~^�j¦U�<�J�:�S�0�<�2�T�*�E~Y�E�¡�S�E�S�v���j�:�E�:�E�8�:�.~^�:�Y�J�C��^Ô��:~C�m�



� � �

«��J�:�S�
GI = BJ = 1

� �<�2�?�:�2�2¢Õ�2�Z�o���>� �S¦O�0�?�E~Y�E�
HI = CJ = cos θ~^�:�

HG = BC = sin θ
�¡«��8�:�<�

AH = CF = 1
¦N�0��ÔE�2�J�)¢^� �!�<�E�:�S�¥�N�:�#�<�E~Z�

AI = JF = 1 − cos θ
�

� � 4ABI
¦C�0���E~Z�E�

sin θ =
1 − cos θ

BI

¦��0���o�)�#�Y���E���
BI =

1 − cos θ

sin θ

¦^�<�2�
���o�>�<�*���h�<�2���2�2�2¢ �

BI = GJ = CD = FE
�)� � �*~¡�<�J�¡�8�8~^�X�o~^�j���o�E�O¦2�0�.å:�:�

�<�E~��
AB =

cos θ(1 − cos θ)

sin θ

�
«��J�:�S�

1 = AD = AB + BC + CD =
cos θ(1 − cos θ)

sin θ
+ sin θ +

1 − cos θ

sin θ

¦
�0�0���Y�

cos θ − cos2 θ + sin2 θ + 1 − cos θ

sin θ
= 1

¦
2 sin2 θ

sin θ
= 1

¦

sin θ =
1

2

�
	,���:�<��¦

θ = 30◦ ¦E~C�:�#�<�2�0�2�2�2¢����J���<�#�8� BI =
1 − cos 30◦

sin 30◦
= 2 −

√
3
�

.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

. .
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.

..
..
..
...
..
..
..
..
...
..
..
..
...
..
..
..
..
...
..
..
..
..
...
..
..
..
...
..
..
..
..
...
..
..
..
..
...
..
..
..
...
..
..
..
..
...
..
..
..
..
...
..
..
..
...
..
..
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

A
B C

D

EFGH

I

J

1

cos θ

1 − cos θ

sin θ

sin θ

cos θ(1 − cos θ)

sin θ

1 − cos θ

sin θ

θ

θ

θ

θ
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