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ELENA BRAVERMAN,
Nonlinear effects in linear delay equations and linear approach to nonlinear models with delay mortality

In the first part of the talk, we consider a scalar linear mixed differential equation with several terms, both delayed and
advanced arguments and a bounded right-hand side. Assuming that the deviations of the argument are bounded, we present
sufficient conditions when there exists a unique bounded solution on the positive half-line. Explicit tests are obtained when a
bounded solution of a homogeneous equation decays exponentially. Existence of exponentially decaying solutions for this class
of differential equations has not been studied before. We show that the standard approach when convergence of all solutions
is stated does not work for mixed equations; in addition to an exponentially decaying, there may be a growing solution. All the
coefficients and the mixed arguments are assumed to be Lebesgue measurable functions, not necessarily continuous. Though
the equation is linear, some properties, as well as the methods applied, are more typical for nonlinear models, for example,
fixed-point theorems used in the proofs.
In the second part, we explore existence of positive solutions, persistence, and boundedness of solutions for the Nicholson
blowflies model with delayed mortality term −δN(h(t)). Two global stability tests for the positive equilibrium are obtained
based on a linearized global stability method, reducing stability of a non-linear model to a specially constructed linear equation.
The first test extends the absolute stability result to the case of delayed mortality, and the second one is delay-dependent.

JOSEF DIBLIK, Brno University of Technology, Brno, Czech Republic
Linear planar differential weakly delayed systems with constant coefficients

Considered is an autonomous linear planar weakly delayed differential system. Its general solution is constructed utilizing the
Laplace transform. All the cases are specified of the solutions merging. Moreover, ordinary differential systems are considered
such that general solutions of both delayed and non-delayed systems coincide when a transient interval is passed. Initial data
for the relevant non-delayed systems are used such that these define the same solution as the corresponding initial data to
the delayed system. An analysis of previous findings is given with illustrative examples considered. Some open problems are
suggested as well. (This is a join work with A. Derevianko.)

TERESA FARIA, UNIVERSITY OF LISBON
A periodic competitive chemostat model with delays

We consider a delayed chemostat system with nonautonomous coefficients and consumption functions modelling n species in
competition. Conditions for the extinction of all the species are established. When the nutrient input and washout rate are
periodic, criteria for the existence of n nontrivial and nonnegative periodic solutions are given. Further results guarantee that
the system admits at least one strictly positive periodic solution.
For the model with a simple microorganism, a refinement of the previous analysis provides the uniform persistence, as well as
the global attractivity of a positive periodic solution.
These results generalize and enhance recent achievements in the literature, see [1,2].
[1] T. Faria, Periodic solutions for a delayed competitive chemostat model with periodic nutrient input and rate, Nonlinearity
(2025) (to appear).
[2] T. Faria, J.G. Mesquita, A competitive chemostat model with time-dependent delays (submitted).

DANDAN HU, Memorial University of Newfoundland
Threshold dynamics of an age-structured HIV model with virus-to-cell, cell-to-cell transmissions, and CTL immune response
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Both virus-to-cell and cell-to-cell transmission modes play a crucial role in the long-term dynamics of HIV infection. Additionally,
the immune response — particularly the activity of cytotoxic T lymphocytes (CTLs) — can significantly influence the threshold
conditions for viral persistence. Considering that the delay between cells being infected and becoming infectious may vary, we
established an infection age structure model with a general nonlinear incidence rate to explore the intricacies of HIV transmission
and progression. This model allows key parameters, including the viral particle production rate, the infection rate of healthy
cells, the mortality rate of infected cells, and the proliferation and clearance rates of CTLs, to vary with the age of infection.
We derive the immune-inactivated reproduction number R0 and the immune-activated reproduction number R1 to identify
conditions for the persistence of the virus within the host.
When R0 < 1, the virus-free steady state E0 is globally asymptotically stable, indicating that the virus is eventually cleared.

When
(

1− 1
R0

)
sω2

d3
< 1 < R0, the CTL-inactivated infection steady state E∗1 is locally stable. Under these circumstances,

we establish criteria for the global stability of E∗1 , which implies the virus and infected cells persist, resulting in a chronic
infection without activating a CTL immune response.
When R1 > 1, the CTL-activated infection steady state E∗2 becomes locally stable, and condition for the global stability of
E∗2 is provided. In this case, the infection remains chronic, sustained by an active CTL immune response.

LINGJU KONG, University of Tennessee Chattanooga
Modeling the dynamics of user adoption and abandonment for a single product

We present a compartmental differential equation model to explore the dynamics of user adoption and abandonment for a
single product. Our model incorporates two distinct types of abandonment: infectious abandonment, driven by interactions
among current and former users, and non-infectious abandonment, triggered by factors such as mass media, advertisements,
or the introduction of new products. Unlike previous studies, we treat the infectious abandonment coefficient as a variable
that changes linearly with the number of previous users, rather than as a constant. This introduces additional complexity to
the model while also enriching its dynamical behavior. We investigate the existence of equilibria of the model and derive the
threshold quantity R0. The user-free equilibrium is always present, and its stability is analyzed under the condition R0 < 1.
Furthermore, we show that a user-prevailing equilibrium does not exist whenR0 ≤ 1, but at least one user-prevailing equilibrium
is guaranteed when R0 > 1. We determine the criteria for the existence of one, two, or three user-prevailing equilibria and
establish the conditions under which S-shaped and saddle-node bifurcations can arise. Additionally, we establish criteria for
different types of Hopf bifurcations. We explore an optimal control problem related to the model, identifying the system that
must be satisfied by the optimal control pair. Our theoretical results are validated through extensive numerical simulations.
To demonstrate the practical applicability of our model, we calibrate it using historical data on LinkedIn registered users. The
calibrated model is employed to provide forecasts for future user adoption trends.

KUNQUAN LAN, Toronto Metropolitan University
Initial value problems of first order fractional differential equations via monotone iterative techniques

In this presentation, I’ll discuss the definitions and properties of fractional integrals, fractional derivatives and minimal and
maximal generalized normal solutions of initial value problems of first order fractional differential equations via the monotone
iterative techniques. Motivated by the logistic type population models with heterogeneous environments governed by order
ordinary differential equations, we provide an example on the existence of nonnegative minimal and maximal generalized
normal solutions of initial value problems of first order fractional differential equations with logistic type population models.
The nonlinearities involved in the logistic type population models may not be continuous.

JENNIFER LAWSON, University of Calgary
Impact and Interplay of Harvesting and Diffusion Strategy on Competition Outcomes

Within the field of ecology, understanding the relationship between a population and its environment is crucial for effective
population management. Over the past few years, spatial models with a ’biased’ type of diffusion have been developed to help
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enhance this understanding. We consider a model with biased diffusion term, ∆(u(t, x)/P (x)) where P (x) is the diffusion
strategy chosen by species u.
In this talk, we will examine the impact and interplay of harvesting deduction and the choice of diffusion strategy on competition
outcomes for two-resource sharing species by analyzing the principal eigenvalues of the system. Previous studies on the impact
of harvesting required it to be spatially identical to the growth rate. Here, we consider a more general form of harvesting and
we will develop a spatial arrangement of harvesting, dependent on diffusion strategy, that can push two populations to coexist.
Further, we will also examine the impact of perturbations to harvesting policies and diffusion strategies, and show that very
small perturbations do not affect the populations’ ability to coexist. Finally, we will consider a situation with two invading
species, where the invader chooses a diffusion strategy that mimics the spatial distribution of the resident species. We will
show that when the invader has a higher carrying capacity, it is guaranteed to have a successful invasion. However, numerical
simulations show that invasion may be successful even without an advantage in carrying capacity.

CHENKUAN LI, Brandon University
A generalized time-fractional convection problem with variable coefficients

Applying the inverse operator method and the multivariate Mittag-Leffler function, we derive a unique analytic solution to the
following multi-term time-fractional convection problem on a new space with variable coefficients and 0 < ρ1 < ρ2 · · · < ρm <
ρ ≤ 1, for the first time, in the Caputo fractional derivative sense:

c∂
ρ

∂tρ
M(t, σ) +

m∑
i=1

βi
c∂
ρj

∂tρj
M(t, σ) +

n∑
j=1

λj(σj)
∂

∂σj
M(t, σ)

= f1(t, σ), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = f2(σ).

We further present several examples demonstrating power and simplicity of our main results and show that they can be reduced
to the classical integral convolution solutions by Green’s functions.

JOHN STAVROULAKIS, Georgia Institute of Technology
On the equivalence between wave equations and functional differential equations

The earliest connection between hyperbolic PDEs and functional equations was perhaps the d’Alembert solution formula.
Solving various wave equations by the method of characteristics leads to equivalent functional differential systems, often
neutral differential equations or integral delay equations.
In recent decades, this perspective has been useful in control of PDEs, applying results on stabilization of delay systems.
Furthermore, the time delay inherent in the transmission of electromagnetic and gravitational waves allows for the asymptotic
study of such systems as neutral equations.

MARK VAN DEN BOSCH, Leiden University
Existence of Invariant Measures for Delay Equations with (Stochastic) Negative Feedback

In this talk, I will present our recent work (https://arxiv.org/abs/2501.00141) on the existence of invariant probability measures
for delay equations with negative feedback, both with and without noise. We support these theoretical results with numerical
studies. Applications include Wright’s equation, Nicholson’s blowflies equation, and the Mackey-Glass equations. While additive
noise typically destroys the dynamical properties of the underlying system, our aim is to study a class of stochastic perturbations
that preserve some of these properties in negative feedback systems. Throughout the talk, we use the Mackey-Glass equations
to illustrate our main results and highlight the specific analytical challenges involved. This is joint work with Onno van Gaans
and Sjoerd Verduyn Lunel.
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LIN WANG, University of New Brunswick
Viral dynamics with immune responses: effects of distributed delays and Filippov antiretroviral therapy

In this talk, we propose a general viral infection model that incorporates two distinct infection pathways—virus-to-cell and
cell-to-cell transmission—as well as the cytotoxic T lymphocyte (CTL) immune response and distributed intracellular delays
associated with viral infection, viral production, and CTL recruitment processes. We investigate the existence, the uniqueness,
and global stability of three equilibria: the infection-free equilibrium E0, the immune-inactivated equilibrium E1 and the
immune-activated equilibrium E2. Our analysis shows that the viral dynamics are governed by two threshold parameters: the
basic reproduction number for infection, R0, and the basic reproduction number for immune response RIM .
In addition to the theoretical results, we numerically explore the viral dynamics beyond equilibrium stability. Our simulations
reveal that delays in CTL recruitment can induce transitions between stable equilibria and sustained oscillatory behavior in the
viral load, and vice versa. Furthermore, we compare the relative contributions of virus-to-cell and cell-to-cell infection modes
to the overall infection level and identify key parameters that influence this balance.
Finally, we demonstrate how Filippov control methods can be employed in antiretroviral therapy to achieve desirable treatment
outcomes.

J.R.L WEBB, University of Glasgow
Impulsive Fractional equations, analysis of an error

Fractional differential equations with impulses have been studied over the past decades. A methodology often used is to
change the problem into an equivalent integral equation in a space of piecewise continuous functions. For the Caputo fractional
derivative case an integral equation was proposed by Feckan, Zhou and Wang (Commun. Nonlinear Sci. Numer. Simul., 2012).
This paper and it successors have been cited a large number of times. However, it is shown with simple counter-examples that
piecewise continuous solutions of the integral equation proposed do not give solutions of the fractional differential equation
with an impulse. Moreover, it is proved that no solution of this type is actually possible.
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