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Learning the arithmetic of Boyd’s Mahler measure conjectures

For integers k, Boyd conjectured that the Mahler measure of Pk(x, y) = x + y + 1
x + 1

y + k is equal to rkL
′(Ek, 0), where

Ek denotes the elliptic curve defined by the zero locus of Pk and rk ∈ Q. In this talk, I will discuss a statistical study of
the numbers rk, based on computations for the first 250, 000 values of k. Apart from a few exceptions, nk = 1/rk is an
integer. For primes p ≥ 5, the valuations vp(nk) follow a remarkably simple distribution, while the primes 2 and 3 exhibit richer
arithmetic structure, related to the set of primes at which Ek has bad reduction. In particular, we give a statistical model for
v2(nk), a concrete predictive law for v3(nk), and compare these with machine-learning predictions trained on the computed
data. This is joint work with Alberto Alfarano, Pablo Bianucci, and Matilde Lalín.
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