ABSTRACT

In this paper, we present a method for determining the solution
and the source term of a Riemann-Liouville time-fractional dif-
fusion equation. Due to a nonself-adjoint boundary condition, a
bi-orthogonal basis of L?-space is selected for this purpose. The
results are presented in the form of Mittag-Leffler function and
an example is given to illustrate the applicability of the method.

PROBLEM STATEMENT

INTRODUCTION

A special case of an inverse problem is considered for a
Reimann Liouville time-fractional diffusion equation. Here, the
source term, f(z), is unknown and at the same time we want
to determine the solution u(x,t). For this purpose, we require
some conditions on the boundary.

We consider the problem of determining the temperature distribution, u(x, t) and the source term, f(x) for the following system

Dou(z,t) — ugy(z,t) = f(z),0<2z <1, 0<t<T, 0<a<l,

1'=ou(z, t)]i—o = g(x), u(e,T) = h(z), 0< z <1,

?C,nv =0, @HAD,WV = ‘:HAH,“V, 0<t<T.

where g, h € L?(0,1), the initial and final conditions respectively.

The operators D* is defined by
D%w(t)
Iw(t)
where I' is the Gamma function.

METHOD AND CONSTRUCTION

Using bi-orthogonal pair of dual Riesz bases for the space
L2(0,1):

® = {00, P10, Pantnet, ¥ = {0, Yin, Yoty
where,
wolz) = 2(1 — ), pin(x) = 4(1 — &) cos \p@, pon(x) = 4sin \,z,
and

Yo(z) = 1, Y1n(x) = cos Apz, thap(x) = xsin A\,

with \,, = 2mn.
We seek a solution and source function to our problem in the
form

u(z,t) =

uo(t) po(@) + D kn(t) Ppn (@),
K=1,2

Jowo@) + >~ frn Prn(@).

n=1
k=1,2

flz) =

We can also write both initial and final data as

[e )
9020(@) + Y Grn Prn(@),

n=1
k=1,2

g(z) =

00
ho@o(@)+ D hkn Prn(x).
=
iy

Where using the biorthogonal basis given, we have

90 = (9,%0), Gkn = (9, Vrn), k=1,2n=1,2,-

and

ho = (h,vo)s hin = (hytPkn),  k=12.n=12.-.

We denote the inner product in L2(0, 1) by

AQM:VH\ g(x) h(z) dx.

0

Using these representation, we obtain the system of integro-
differential equations

D%uq(t) fos
D%y (t) + yws:ﬁ& fin,
DUz () + A2tian (t) — 2Xpu1n (£) fans

to determine fo, fin, fon, wo, U1y and uay,.
Initial conditions and final conditions are:

I'"%ug(0) = go, I'"®upn(0) = grn, k=1,2n=1,2,--,

ug(1) = ho, upn(1) = hgn,  k=1,2.n=1,2,---.

RESULTS

We obtain the following results:
(1) The coefficients fo and fin, k = 1,2, in the form

I(l+a) 90 a1
Te To E&ﬂ
[hin — ginT* ' Eao(~N3T%)]
T Eq,a+1(=A3T?) ’
[h2n = g2n T  Ba,a(=A2T) + Sn(1)]
T Eq,a+1(=A3T%) ’

Jon

(2) The coefficients uo and un, k = 1,2, in the form
fo o, 90 a1
Mt "o’
wn(t) = fint®Eaai1(=Ant) + gint™ " Eaa(-A0t"),
= font®Baar1(=Ant®) + g2nt® " Easa(=Ant) + Sa(t)

:oﬁwv =

Sn(t) = 2Xn [fin % B na1(—Ant®) + gin 707 B2 2o (- A02Y)] -

EXAMPLE AND NUMERICAL RESULTS

Consider the problem with
h(z) =T%(1 —z).

Accordingly, using our results, we get
u(z,t) =t*(1 — z).

Coeficionts ,, Cosfcents Coeficints 1,

E]

Cooficints £y,

Figure 1: Solution plots with0 <t < 1,0 <z < landa = 0.5 Figure 2: Convergence results for the coefficients
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