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INTRODUCTION AND PURPOSE
• An integer partition of n is a way of writ-

ing n as an unordered sum of positive in-
tegers.

• For example, partitions of 4 are 4, 3 + 1,
2 + 2, 2 + 1 + 1 and 1 + 1 + 1 + 1.

• The study of those integer partitions for
which parts come from a specified interval
is a very active area of research.

• The purpose of this work is to prove four
conjectures of Berkovich and Uncu regard-
ing relative sizes of two closely related
sets consisting of integer partitions whose
parts come from a specified interval.

MOTIVATION
Berkovich and Uncu proved some intriguing

results regarding the relative sizes of certain sets
of integer partitions. For any L ≥ 2,

• AL,1 denotes the set of partitions where
the smallest part is 1, all parts are ≤ L+ 1,
and L is not a part (i.e. L is impermissible);

• AL,2 denotes the set of partitions with
parts in the set {2, 3, . . . , L+ 1}.

They proved that for any N , the number of
partitions of N in AL,1 is more than the number
of those in AL,2.

• Berkovich and Uncu observed that the
above result may be viewed as the initial
stage of a more general conjecture.

GENERALIZATION OF SETS
• CL,s,1 denotes the set of partitions where

the smallest part is s, all parts are ≤ L + s
and L+ s− 1 is impermissible;

• CL,s,2 denotes the set of partitions with
parts in the set {s+ 1, . . . , L+ s}.

CONJECTURE FOR GENERAL s
Conjecture ? For given positive integers L ≥

3 and s, there exists an M , which only depends
on s, such that for every N ≥ M , the number of
partitions of N in CL,s,1 is more than the num-
ber of those in CL,s,2.

• Berkovich and Uncu asked similar ques-
tions about the q-series analogue of the
above conjecture. However, this time they
considered a general impermissible part k
instead of L+ s− 1.

CONJECTURE FOR GENERAL k
• The q-Pochhammer symbol is defined as

(a; q)n = (1− a)(1− aq) · · · (1− aqn−1).

• The series HL,s,k(q) is defined as

HL,s,k(q) =
qs(1− qk)

(qs; q)L+1
−
(

1

(qs+1; q)L
− 1

)
.

Conjecture ?? For k ≥ s+ 1, HL,s,k(q) is eventu-
ally positive.

COMPARISONS
• Conjecture ?? is stronger than conjecture ?

in the sense that it deals with a general im-
permissible part k, instead of dealing only
with k = L+ s− 1.

• However, Conjecture ?? relaxes the condi-
tion on the bound. It can depend on all of
L, s and k, instead of depending only on s.

OUR MAIN RESULT
For positive integers L, s and k, with L ≥ 3

and k ≥ s + 1, the coefficient of qN in HL,s,k(q)
is positive whenever N ≥ Γ(s), where Γ(s) can
be written explicitly in terms of s only.

STRENGTHS OF OUR RESULT
• This result is stronger than the above con-

jectures because:

(a) It deals with a general impermissible
part k and at the same time produces
a bound which depends only on s.

(b) Moreover, the bound is explicitly
known.

METHODS AND TECHNIQUES
• Our proofs involve constructing injective

maps between the relevant sets of integer
partitions.

• To construct these maps, we make very
frequent use of concepts from elementary
number theory, especially Frobenius num-
bers, which are given as follows.

• For natural numbers a and b such that
gcd(a, b) = 1, the Frobenius number of a
and b is the smallest number n0 such that
the equation ax + by = n has a nonnega-
tive integer solution (xn, yn) for all n ≥ n0.
Sylvester proved that the Frobenius num-
ber of a and b is (a− 1)(b− 1).

• We also frequently use some simple con-
sequences of the division algorithm in the
definitions of our maps.

PROOFS OF ZANG AND ZENG
• Zang and Zeng also gave proofs of the

above conjectures.

• However, while their methods are some-
what more straightforward than ours,
they produce results that are asymptotic
and therefore do not give explicit bounds.

• In contrast, our methods are combinato-
rial, and we produce explicit bounds on
when HL,s,k(q) has positive coefficients.

FOURTH CONJECTURE
• Berkovich and Uncu defined the series

GL,2(q) =
∑

s(π)=2,
l(π)−s(π)≤L

q|π|−
∑

s(π)≥3,
l(π)−s(π)≤L

q|π|,

where s(π) and l(π) denote the smallest
and largest parts of π, respectively.

• They conjectured that

GL,2(q) + q3 � 0 for L ≥ 5,

G4,2(q) + q3 + q9 � 0,

G3,2(q) + q3 + q9 + q15 � 0.

• We also proved this conjecture.
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