Solutions for February

585. Calculate the number
b=|(Vn—1+vn+vn+1)?.
Solution. When n = 1, then b = [3 4+ 2v/3] = 5. When n = 2, then

17 7 25
4'14:1+1'41+1'73<1+\/§+\/§<1+E+Z:€

so that 17 < (14+v2+v3)2 <18 and [(1+v2+v3)?| =17=9x2 1.
Let n > 3. Since

Ve Sy !

1
< =
vn+l+yn Jn+vn-—1
it follows that vn — 1+ vn +1 < 2y/n. Also
Vn—14+vn+vn+1>3vn3—n>vVon—-1;

the first inequality follows from that of the arithmetic and geometric means, and the second is evident after
raising to the sixth power. Therefore vOn —1 < vn—1+/n++vn+1<3y/n.

Hence

ViV,

Mm—1<(Wn—1+vn+vn+1)?<9n,

and so b =9n — 1, when n > 2.

598. Let aj,as,---,a, be a finite sequence of positive integers. If possible, select two indices j,k with
1 < j <k < n for which a; does not divide ay; replace a; by the greatest common divisor of a; and
ar, and replace a;, by the least common multiple of a; and aj. Prove that, if the process is repeated, it
must eventually stop, and the final sequence does not depend on the choices made.

Solution. Let {p; : 1 < i < m} be the set of of all primes, listed in some order, dividing at least one
of the a;. All the terms of any sequence thereafter are divisible by only these primes. For each sequence
obtained and for each prime p;, define a vector with n components whose sth entry is the exponent of the
highest power of p; that divides the sth term of the sequence.

Suppose n;uhat aj = []0%, p¥ and akm: [1.-, p¥= are two terms of one of the sequences. Then ged
(aj,ar) = i, p¥s and lem (aj,ar) = [[.-, pZ*, where w, is the minimum and z, is the maximum of u,
and v; for each s. The condition that a; divides aj, is equivalent to u, < v for each s.

Let us see what the effect of the operation on a sequence has on the m vectors associated with the
sequence. If two elements, the jth and kth for which the jth does not divide the kth, then there is at least
one vector for which the jth term is larger than the kth term. The operation just interchanges these terms.
This reduces the number of pairs of components of the vector for which the earlier one exceeds the second.

Since there are only finitely many vectors (one for each prime) and each vector has only finitely many
component pairs, the process must terminate after a finite number of operations. No moves are possible
only when each vector is increasing. Since each move permutes the entries of each vectors, in the final stage
we must obtain the unique rearrangement of each vector in which the components are increasing. The kth
terms of the vectors give the exponents of the primes ps that constitute the prime factorization of the kth
term of the sequence at the end. The result follows.

599. Determine the number of distinct solutions z with 0 < x < 7 for each of the following equations. Where
feasible, give an explicit representation of the solution.
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(a) 8cosx cos 2z cosdx = 1;
(b) 8cosx cos4dx cosbr = 1.

Solution 1. (a) It is clear that no multiple of 7 satisfies the equation. So we must have that sinxz # 0.
Multiply the equation by sinz to obtain

8 sin x cos x cos 2x cos 4x = 4 sin 2z cos 2x cos 4x = 2sin4dx cosdx = sin 8z .

Hence the given equation is equivalent to sin8z = sinz with sinxz # 0. Hence, we must have z + 8x =
(2k + 1)mr, 8z = (2k)m + z, since 0 < < m. These lead to © = 7/9 (20°), 2 = 27/7, x = /3 (60°),
x =4n/7, x = 57/9 (100°), x = 67/7 (120°), x = 7w /9. Thus there are seven solutions to the equation.

(b) [Z. Liu] It can be checked that no multiple of m nor any odd multiple of 7/4 satisfies the equation.
The truth of the equation implies that

sin 8 cos br = 2sin 4x cos 4x cos bx = 4 sin 2z cos 2x cos 4x sin bz

= (sinx cos 22)(8 cos z: cos 4z cos 5x) = sin x cos 2z .

Using the product to sum conversion formula yields
sin 13z + sin3x = sin3x — sinx ,

whence sin 13z = sin(—xz). Therefore, either 122 = 13z + (—z) is an odd multiple of 7 or 14z = 13z — (—x)
is an even multiple of w. However, x = 0,7/4,7/2,37/4 are extraneous solutions that do not satisfies the
given equation. Therefore, there are ten solutions, namely

w bm 7w 1lm w 27 3w 4w bm 6w
rT=— ———, =, —, —, —, —, — .

127127127 1277 77777777
Solution 2. (a) Let t = cosz. Then cos2x = 2t> — 1 and cos4x = 2(2t2 — 1) — 1 = 8t* — 8¢% + 1, so that
cos x cos 2z cos 4x = £(2t? — 1)(8t* — 8% + 1) .
Let
f(t) =8t(2t> —1)(8t* —8t2 +1) — 1
= 128t" —192t° 4 80t* — 8t — 1
= (2t — 1)(64t° + 32t° — 80t* — 40t> + 20t2 + 10t + 1)
= (2t — 1)(8¢> + 4% — 4t — 1)(8t> — 6t — 1) .

(The factor (2t — 1) can be found by noting that x = /3, corresponding to ¢ = 1/2, is an obvious solution
to the equation given in the problem.)

Let g(t) = 8t3+4t?—4t—1 and h(t) = 8t3—6t—1. Since g(—1) = —9, h(—1) = —1, g(—3) = h(—3)
g(0) = h(0) = —1, g(1) = 7 and h(1) = 1, both of g(¢) and h(t) have a root in each of the intervals (—1, —
(—1,0) and (0,1).

Since the only roots of g(t) — h(t) = 4t> + 2t = 2¢(2¢t+1) are —3 and 0, g(t) and h(t) do not have a root
in common. Therefore , f(t) has seven roots and these correspond to seven solutions of the given equation.

=1,
),

1
2

(b) We have that
1 = 8 cos z cos 4z cos 5x = 4 cos? 4z + 4 cos 4z cos 6z

= (2cos8z +2) + (2cos 2z + 2cos 10z) ,

so that
2cos2x +2cos8x +2cosl0x+1=0.
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Substituting ¢t = cos 2z yields cos4x = 2t — 1, cos 8z = 8t2 — 4t% 4 1, cos 10z = 16t°> — 20t3 + 5t, so that the
equation becomes

0= (4t — 3)(8t> + 4t — 4t — 1) .
The polynomial 4% — 3 has two roots in the interval [—1, 1] corresponding to four values of z in the interval

[0,7]. Let f(t) =83 +4¢> — 4t — 1. Since f(—1) = —1, f(—=1) =1, f(0) = —1, f(1) =7, f(t) has three real

roots, once in each of the intervals (—1, f%), (f%, 0), (0,1), and each of these corresponds to two solution x

in the interval [0, 7]. Therefore, the equation in x has ten solutions in the interval.

Comments. (a) The seven solutions of the equation sin8z = sinz can be seen from a sketch of the
graphs of the two functions on the same axes.

(b) Since 2 cos x cos b = cos 4x + cos 6z, the equation is equivalent to
4(cos? 4x + cosdx cosbz) =1 .

Some solutions can be found by solving cos 6z = 0 and cos? 4z = %. These are satisfied by « = 7 /12, 57/12,
7w/12 and 117/12.

The trial, taking cosdx = 5, is also reasonable, as it gives x = 7/12. With this substitution, the left

side become 4 cos7/12sin w12 = 2sin /6 = 1. The other multiples of 7/12 can be handled in the same way.

When ¢ = cos 2z, there is another route to the equation in ¢ to be analyzed. The equation, in the form,
1 = 4(cos4z)(cos4x + cosbz), is transformed to

1=4(2t% —1)(2t% — 1 4+ 4¢3 — 3t) = 4(8t° + 4t* — 106> — 41> + 3t + 1) .

This simplifies to
0 = 32t° + 16¢t* — 40t3 — 16t + 12t + 3

= (4t - 3)(8t3 + 42 —4t — 1) .

Since x = 7/12 is a solution, t = cos /6 = 1/3/2 satisfies the equation in ¢ and accounts for the factor
t2 — 3 on the right side of the equation.

600. Let 0 < a < b. Prove that, for any positive integer n,
b+ a < bn+1 an+1 am + bn
2 (b —a)(n+1) V
Solution 1. Dividing the inequality through by (b+ a)/2 yields the equivalent inequality

L< b/n+1 _ a/n+1 a™ + b/n
> (b’ \/

with @’ = (2a)/(b+ a) and & = (2b)/(b+ a). Note that (o’ +b)/2 = 1. and we can write ¥’ = 1+ u and
a' =1—wu with 0 < u < 1. The central term becomes the nth root of

(T+uw)™ —(1—w)t 2+ Du+ ("THe + (T + -]
2(n+ u 2(n+1u

1/n 1/n
— 14+ = 2,z 44 ...
+3(2>u +5(4>u +

which clearly exceeds 1 and gives the left inequality. The right term become the nth roots of

%[(1+u)”+ (1—u)" =1+ <Z>u2+ <Z>u4+~-~
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and the right inequality is true.

Solution 2. The inequality
. bn+l _ an+1 " a” + bn
(b—a)(n+1) ~ 2

is equivalent to
2 bn+1 _ . n+l
0< (n+ 1)@ + b0y — 20 =)
b—a
The right side is equal to

(n+1)(a™ +b") = 2(b" + 0" ta+b""%a® -+ b%a" % + ba" " +a™)
=(a" = b") + (a" = b""'a) + (a" —b"2a) 4+ - + (a™ — ba" ') + (a™ — a™)
+ (" =0") + (b = b ra) 4 (BT = ba™ ) + (B — a™)
=@ —=b") +tal@ =" +a*(@ ") 4+ a" Ha—b)+0
+04+0""tb—a)+ - +b0" "t —a" ) + (" —a")
=0+(b—a)d" P —a" D+ -2 —a" ) 4+ (M —a" (b —a)
>0.

The left inequality

b+a _ | bntl—qantl

2 —VOb-a)(n+1)
is equivalent to
b+a n< pntl — gntl
2 “(b—a)(n+1)

Let v = 1(b—a) so that b+ a = 2(a + v). Then

prtl — gntl - <b+a>" _ (a+20)" Tt — g+t
(b—a)(n+1) 2 (b—a)(n+1)

S Z () ent) - Z (i)
(Er (e £ ()

|
()=
/N
=l
+ %
—_
|
—
'
N
> 3
N~
3
|
kol
ol
vV
o

since 28 = (1+ 1) =1+ k+ (g) + .-+ > 1+ k with equality if and only if £ = 0 or 1. The result follows.

Solution 3. [D. Nicholson] (partial) Let n > 2i + 1. Then
(bnfiai 4 bianfi) _ (bnfiflaH»l 4 bi+1an7i71) — (b _ a)aibi(bn72i71 _ an72i71) > 0.
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Hence, for 0 < 5 < %(n—i— 1),
P +a > b a4+ ab? > >0l + pign
When n = 2k + 1,

k
bn_’_bn—la_,'_._._’_ban—l_'_an:Z(bn—iai+bian—i) < (k+1)(bn+an)
=0

~n+1

and when n = 2k, we use the Arithmetic-Geometric Means Inequality to obtain b*a* < £ (a?* +b?%), so that

k—1
o ) . b " 1
bn+bn71a+.”+ban71+an :Z(bnfzaz+bzanfz)+bkak Sk(b"+a”)+ "2‘04 _ n;‘ (bn+an) )
=0
Hence
bn+1 _ an+1 b + ™
IR R

Solution 4. [Y. Shen] Let 1 <k <mn and 1 <4 < k. Then
(BF L  aF YY) — (bak I g gipR i) = (5 gf)(BETITE - Rty > 0 )

Hence
k

k
k(bk‘+1 + ak+1) 2 Z(bia]”l*i + aibk+17i) _ 2Zbiak+17i )
=1 1=1

This is equivalent to

k+1 k
(2]€ + 2) Z biak-‘rl—i — (2]{? + 2>(bk+1 + ak-‘rl) + (2k + 2) Z biak-i-l—’i
=0 i=1

k
> (k+2)<bk+1 +ak+1) + (2k+4)zbiak+l—i

i=1

k
= (k+2)"" +2) baF T 4 e

i=1
k
=(k+2)(b+a) Z biak—
i=0
which in turn is equivalent to

k414 i ko 3i k—i
Zi:O blakt! > (b+a)(Xiybaf )
kt2 - 2(k + 1)

We establish by induction that

b+a\" 1 o
< 1 N—1
< 2 > _n—l—lzba

which will yield the left inequality. This holds for n = 1. Suppose that it holds for n = k. Then
b+a\ (b+a b+a\”
2 )\ 2 2
k k+1
b J'_ a 1 i ki 1 i ki
< . 7 7 < 7 3 .
—( 2 ) <k+1>;ba —k+2i§ba

5
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As above, we have, for k =n — 1,

n—1

(n=1)(" +a") >2 Z bia™

i=1
so that

(n+1)" +a") > Zba ( —

bn+1 _ an+1>
=0

from which the right inequality follows.

Comment. The inequality
b+a _ [ bl —qgntl
2 —VOb-a)(n+1)

is equivalent to
on n+1l _ n+l
o< 2O — ™)
- b—a

When n = 1, the right side is equal to 0. When n = 2, it is equal to

—n+1)0b+a)".

40 +ba+a®) —30b+a)*=(b—a)®>0.
When n = 3, we have
8(b% 4+ b%a + ba® + a®) — 4(b + a)® = 46> — 4b%a — 4ba® 4 4a® = 4(b* — a*)(b—a) = 4(b+a)(b—a)®> >0 .
When n = 4,5 and 6, the right side is, respectively,
(116% + 18ab + 11a?)(b — a)?

(260> + 54b%a + 54ba® + 26a>)(b — a)?
(57b* + 136b%a + 174b%a® + 136ba® + 57a*) (b — a)? .

There is a pattern here; can anyone express it in a general way that will yield the result, or at least show
that the right side is the product of (b — a)? and a polynomial with positive coefficients?

601. A convex figure lies inside a given circle. The figure is seen from every point of the circumference of the
circle at right angles (that is, the two rays drawn from the point and supporting the convex figure are
perpendicular). Prove that the centre of the circle is a centre of symmetry of the figure.

Solution 1. Let the figure be denoted by § and the circle by €, and let p be the central reflection through
the centre of the circle. Suppose that m is any line of support for § and that it intersects the circle in P and
Q. Then there are lines p and g through P and @ respectively, perpendicular to m, which support §. Let p
meet the circle in P and R, and ¢ meet it in @) and S; let ¢t be the line RS. Since PQRS is concyclic with
adjacent right angles, it is a rectangle, and ¢ is a line of support of §. Since PS and RQ are both diameters
of €, it follows that S = p(P), R = p(Q) and t = p(m).

Hence, every line of support of § is carried by p into a line of support of §. We note that §F must be on
the same side of its line of support as the centre of the circle.

Suppose that X € §. Let Y = p(X). Suppose, if possible that ¥ ¢ F. Then there must be a disc
containing Y that does not intersect §, so we can find a line m of support for § such that § is on one side
and Y is strictly on the other side of m. Let n = p(m). Then n is a line of support for § which has X = p(Y)
on one side and O = p(O) on the other. But this is not possible. Hence Y € § and so p(F) C §. Now pop
is the identity mapping, so § = p(p(F)) C p(F). It follows that F = p(F) and the result follows.
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Solution 2. Let P be any point on the circle €. There are two perpendicular lines of support from P
meeting the circle in Q and S. As in the first solution, we see that P is one vertex of a rectangle PQR.S each
of whose sides supports §. Let & be the intersection of all the rectangles as P ranges over the circumference
of the circle €. Since each rectangle has central symmetry about the centre of €, the same is true of &. It
is clear that § C &. It remains to show that & C §F. Suppose a point X in & does not belong to §. Then
there is a line r of support to § for which X and § are on opposite sides. This line of support intersects €
at the endpoints of a chord which must be a side of a supporting rectangle for §. The point X lies outside
this rectangle, and so must lie outside of &. The result follows.

Solution 3. [D. Arthur] If the result is false, then there is a line through the centre of the circle such
that OP > OQ), where P is where the line meets the boundary of the figure on one side and @ is where it
meets the boundary on the other. Let m be the line of support of the figure through . Then, as shown
in Solution 1, its reflection ¢ in the centre of the circle is also a line of support. But then P and O lie on
opposite sides of t and we obtain a contradiction.

602. Prove that, for each pair (m,n) of integers with 1 < m <n,

- m+nn—-1)---(n—m+1)

;i(i—l)(i—2)~-~(i—m+1): e .

(b) Suppose that 1 < r < n; consider all subsets with r elements of the set {1,2,3,---,n}. The elements
of this subset are arranged in ascending order of magnitude. For 1 < i < r, let ¢; denote the ith smallest
element in the subset, and let T'(n,r,¢) denote the arithmetic mean of the elements ¢;. Prove that

1
T(n,r,q) —z‘(”+ > .
r+1

(a) Solution 1. i(i—l)(i—2)~-~(i—m+1):Wi(i—l)(i—%---(i—m—i—l)

(i+1)ii—1) - (i—m—+1)—i(i—1)(i—2)- (i —m~+1)(i —m)

m+1
so that
- G —1) e (i—m) mi(i—1)---(i—m
;z(z—l)(z—Q) (zfm+1):122 ( r)n—i—(l );( T)n+(1 )
_ n+ 1)n(n—1)- (n—m+1)70
m+1
:(n+1)n(n—1)-~-(n—m+1)
m+1

(a) Solution 2. [W. Choi] Recall the identity

z": (z) - (n + 1)
i=m m - m+1

which is obvious for n = m and can be established by induction for n > m + 1. There is an alternative
combinatorial argument. Consider the number (:;11) of selecting m+ 1 numbers from the set {1,2,3,---,n+
1}. The largest number must be 7 + 1 where m < i < n, and the number of (m + 1)—sets for which the

largest number is ¢ + 1 is (Tfl). Summing over all relevant i yields the result.
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We have that

o , - il N n+1
St 5 s o () -3
B (n+1)! _(n+nn—-1)---(n—m+1)
C (m+1)(n—m) m+1 '

(a) Solution 3. [K. Yeats] Let n = m + k. Then

L ) , m+ 1)! n!
Z.11(21)(12)'~(zm+1)—m!+(1!)+~~~+(n_m)!
1 m+ Dkl(m +1 m + 2)lkl(m + 1
:M[(m—i—l)!k!—i—( )1!( )-i-( )2!( )—i----—&—n!(m—i-l)}
(m+1)!

k! k!
=[k!-l-(m-i-l)-l—(m+2)(m+1)+~--+n(n—1)-~-(m+2)(m+1)] .

(m + 1)k! 1l 21

The quantity in square brackets has the form (with ¢ = 0)

k! k! k! k!
+ ———(m+1)+ !(m+q+2)(m+l)+(q+3)!

PR PRSI o (m+q+3)(m+q+2)(m+1) +---

+%n(n—1)-~-(m+q+2)(m+1)

k! k! k! k!
G+ 1) + (q+2)!(m—|—1)—|—m(m+q+3)(m+1)+...+En...(m+q+3)(m+1) )

Applying this repeatedly with ¢ =0,1,2,---,k — 1 leads to the expression for the left sum in the problem of

=@n+q+2ﬁ

(m+k+1)!{k!}_ (n+1)! _(n+Dnn—-1)---(n—m+1)

(m+ Dk |k~ (m+1)(n—m) m+1

[A variant, due to D. Nicholson, uses an induction on r to prove that, for m <r < n,

. . B (r+ 1)
;z(z—1)~~(z—m+l)—m ]

(a) Solution 4. For 1 < i < m—1,i(i—1)---(i—m+1) = 0. Form <4 <n,i(i—1)--- (i—m+1) = m!(}).
Also,

(n+1)n---(n—m+1) (1
=m/!
m+1 m+1
so the statement is equivalent to
i i\ _ (n+1
— \m S \m+1)

This is clear for n = m. Suppose it holds for n = k > m. Then

> (o) () ()= G

i=m

and the result follows by induction.



(a) Solution 5. Use induction on n. If n = 1, then m = 1 and both sides of the equation are equal to 1.
Suppose that the result holds for n = k and 1 < m < k. Then, for 1 <m < k,

k+1

Si(i—1) (i —m1) = (k+Dk(k=1)---(k=m+1)

(ke Dk(k—1)-(k—m+2)

2 m+1
_ (E+1)k(k —TrlL)+"1'("”"—m+2)[(k_m+1)+(m+1)]
k4 2)(k+ Dk(k—1) - (k—m+2)
= m+1

as desired. When m =n = k + 1, all terms on the left have k + 1 terms and so they vanish except for the
one corresponding to ¢ = k + 1. This one is equal to (k4 1)! and so to the right side.

(b) Solution 1. For 1 <i <r < n, let S(n,r i) be the sum of the elements ¢, where (¢1,t2,---,t,) runs
over r-tples with 1 <#; <tg < --- <t <n. Then S(n,r,i) = (ﬁ)T(n,r,i). For1<k<n,1<i¢<r,the
number of ordered r—tples (¢1,to,- -, t,) with ¢; = k is (15:11) (ﬁ:f) where (8) =1and (§) = 0 when b > a.
Hence

n
n k—1\/n—k
()-2(5)0)
Replacing n by n 4+ 1 and r by r + 1 yields a reading
n+1\ Rk-1\/n+1-k
= f 1<'< 1.
(r-l—l) ; i—1)\r—(@-1) or Lsrsrd
Replacing ¢ — 1 by ¢ yields

n+1\ YR k—1\[/n+1—k
p— f <-< .
(r+1) Z( ) )( r—1 ) or 0sisr

k=1

When 1 <14 <7, the first term of the sum is 0, so that
n+1 n
n+1\ E—=1\(n—-(k-1)\ _ E\ (n—k
Cr)-2 ()5 -2 (05
k=2 k=1
RO 3 0 oy s 1 o R
1—1 r—1 1) \r—1 r+1
k=1 k=1

Thus

SO

(b) Solution 2. [Z. Liu] Define S(n,r,%) for 1 <4 <r <n as in Solution 1. We prove by induction that

S(n,r, i) :z’("+1>

r+1

1
T(n,r,i)i<n+ )
r+1

from which

For each positive integer n, we have that S(n,1,1) =14+2+---4n = (";‘1) and S(n,n,i) = i. Suppose

that n > 2, r > 2 and that S(k,r, 1) = (fﬁ) for1 <k <n-—1. Of the (:f) r—tples from {1,2,---,n}, (Zj) of
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them have smallest element equal to 1, and (";1) of them have smallest element exceeding 1. The latter set
of r—tples can be put into one-one corrrespondence with r—tples of {1,2,---,n—1} by subtracting one from
each entry. Therefore the sum of the first (smallest) elements of the latter r—tples is (”:1) +S(n—-1,r1).
Hence

S(n,r,1) = (:‘:D + (nzl) Y8 —1,r1) = (Z) + (Til) - (:Ii) .

Suppose as an induction hypothesis that
m+1
S i) =14
(m, s, j) J<S+1)

for 1 < 7 < s <mn-—1 This holds for n = 2. Let r > 2 and 1 < ¢ < r < n — 1. Consider the

ordered r—subsets of {1,2,---,n}. There are ("_}) of them that begin with 1; making use of the one-one

correspondence between these and (r — 1)— subsets of {1,2---,n — 1} obtained by subtracting 1 from each
entry beyond the first, we have that the sum of the ith elements of these is

(:_11>+S(n1,r1,i1)— (:_i>+(i1)<2> .

There are (";1) of the ordered subsets that do not begin with 1; making use of the one-one correspondence
between these subsets and the r—subsets of {1,2,---,n — 1} obtained by subtracting 1 from each entry, we
find that the sum of the ith elements is

(n;1> 4 S —1,10) = (”;1> —H(ril) .

Hence the sum of the ith elements of all these r—subsets is

=2+ (7)- Q) (2] 1)

Putting all these elements together yields the result.
(b) Solution 3. When r = 1, we have that
1+24-+n _ n+l
n 2
When r = 2, the subsets are {1,2},{1,3},---,{1,n},{2,3},{2,4},---{2,n},---,{n — 1,n}, so that

T(n,1,1) =

Ix(n=1)+2xn—-2)+---+(n—-1)x1
(5)
[(n—1)+(n—2)+-~2-+1]+[(n—2)+(n—3)+~-~—|—1]—|—---+1
(3)

Soill42+ -+ (=) YIS (n—j+1)(n-j)/2

T(n,2,1) =

nln =~ 1)/2 - n(n—1)/2
_(1/6)n+1nn—-1) n+1
(1/2)n(n —1) -3
and T(n,g,g):<n_1)Xn+(n_2)x(”—1)+-~+1x2

(2)
_(n+nn-1)/3 _[(n+1
 nn-—1)/2 _2< 3 )
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Thus, the result holds for n = 1,2 and all 7,7 with 1 < ¢ <r <n, and for all n and 1 < i <r < 2. Suppose
as an induction hypothesis, we have established the result up to n — 1 and all appropriate r and 4, and for
nand 1 < i <7 — 1. The r—element subsets of {1,2,---,n} have ("_') instances without n and ("~})

instances with n.

Let 1 <i<7r—1. Then

(" NT(n—1,70)+ (P2 T(n— 1,7 —1,%)

T(n,r,i) = — @)
(G == e ) I R (Y R )
() ()
_(2111)_ n+1
0 "(m)

Also

B G T e - () I () A
- ® @ ‘“"<r+1>

(b) Solution 4. For 1 < i <r < n, let S(n,r, i) be the sum of the elements t; where (t1,tq,---,t,) runs
over r-tples with 1 <t} <3 < -+ <t, <n. Then S(n,r,i) = (:)T(n,r, ). We observe first that

S(n,ri)=Sn—-1,r—149+Sn—-2,r—1,4) +---+S(r—1,r—1,i)

for 1 <4 <r —1. This is true, since, for each j with 1 < j <n—r+1, S(n — j,r — 1,i) adds the ¢; over all
r—tples for which t, =n —j + 1.

Now S(n,1,1)=1+2+4---+n=1(n+1)n and S(n,?,l) =in(n—1)+-+1=(n+n(n-1).
As an induction hypothesis, suppose that S(n,r —1,1) = 4 (n+ 1)n(n —1)--- (n — r + 2). Then
n—1
S(n,r,1) = > S(k,r—1,1)
k=r—1

_1 nz_: (k+1)k(k—1)~~~(k—r+2):%zn:k(kfl)"'(kfr+1)
k=1
n—+
r+

!
i) r!(nni - (:Ll) (?) '

k=r—1
(n+ Dn(n—1) - (n—r+1) = (
Thus, for each r with 1 <r <n, S(n,r,1) = (T)(nJr 1)/(r +1) so that T'(n,r,1) = (n+1)/(r + 1).

(r+1)!

Let n > 2. Suppose that for 1 < k < n—1and 1 < ¢ < r < k, it has been established that
S(k,r,i) =4S(k,r,1). Then for 1 <i<r<n

S(n,ri)=Sn—-1,r—1,49+Sn—-2,r—1,4)+---+ S(r—1,r—1,7)
=ilSn-1,r-1,1)+Sn—-2,r—1,1)+---+ S(r—-1,r—1,1) =iS(n,r,1) .

Dividing by () yields

T(n,r,i) = iT(n, 1) = (Zﬁ)

11



Comments. (1) There is a one-one correspondence
(tl,tQ,...,tr) — (n+1 —tr,n+1—t._q,---,n+1 *tr)

of the set of suitable r—tples to itself, it follows that

S(n,r,r):(”)(n-i-l)—S(n,r,l):(:)(n+1)[1_ 1 }

r r+1

AR

r+1 T

) = rS(n,7,1)

from which T'(n,r,7) =r(n+1)/(r +1) =rT(n,r1).

(2) To illustrate another method for getting and using the recursion, we prove first that T'(n,r,2) =
2T (n,r,1) for 2 < r < n. Consider the case r = 2. For 1 < t; < to < n, (t1,t2) <> (ta — t1,t2) defines a
one-one correspondence between suitable pairs. Since to = t1 + (t2 — t1), it follows from this correspondence
that S(n,2,2) = 25(n,2,1). Dividing by () yields T'(n,2,2) = 2T'(n,2,1).

Suppose that r > 2. For each positive integer j with 1 < j < n—r+1, we define a one-one correspondence
between r—tples (t1,ta,---,t,) with 1 < ¢ < t9 < --- < t, < n and t3 —tys = j and (r — 1)—tples
(81782,83,~'~,ST) = (tl,tg,t4—j,'~',tr—j) with 1 <s; =t; < s9 =1t9 < 83 =ty —7<--- <8 =t —7<
n — j. The sum of the elements t5 over all r—tples with t3 — t3 = j is equal to the sum of ¢5 over all the
(r — 1)—tples. Hence

S(n,r2)=Sn-1,r—1,2)+Sn—-2,r—1,2)+---+S(r—-1,r—1,2)
More generally, for 1 < j < n —r — 1, there is a one-one correspondence between r—tples (¢1,ta,- -, t,)

with t;41 —t; = j and (r — 1)—tples (s1,82,-,8,—1) = (t1,- -, ti, tiga — J, -, tp — J) With 1 <51 =1 <
<8 =1t <Sip1 =tiqo—J < - <S8_1 =t —j <n—j. Wenow use induction on r. We have that

Sn,ri)=Sn—1,r—=1,0)+Sn—-2,r—1,0)+---+S(r—1,r—1,7)

(b) Solution 5. [Y. Shen] We establish that

i+(n—r) n— n+1
; (I:)(TI:) N (r+1)

Consider the (r + 1)—element sets where t;11 = k+ 1 and ¢,41 <n+ 1. We must have i <k <n— (r —1)

and there are (lf) (?:f) ways of selecting t1,---,%; and t;49,---,t.41. The desired equation follows from a
counting argument over all possibilities for ¢;;;.
In a similar way, we note that ¢; = k for (15:11) (’;:f) sets {t1,---,t,} chosen from {1,---,n}, where

1<k <n-—r+1. Observe that
k—1\/n—k _3' K\ (n—k
i—1)\r—i) k\i)\r—i)"’

nf?"+1k l?—l n—l'c
T(’I’L, 7 Z) _ k=i (5;1) (rfz)
i (O

Then

(?)
() :i(”“)

™ r+1
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(b) Solution 6. [Christopher So] Note that

is the coefficient of z?y"~? in the polynomial

n—r—+1
S d+a)fa+ynt
k=i
or in )
n+ n n
S (1 a1 s = L= Qs
Yy—
k=0
n+1 /n i 1
Zj:o ( ;rl) (y) —a7)
y—a '

Now the only summand which involves terms of degree r corresponds to 5 = r + 1, so that the coefficient of

2'y" "1 in the sum is the coefficient in the single term
n+ 1 yr+1 _ errl
(r + 1) Yy—x
namely, (:ii) We can now complete the argument as in the fourth solution.

(b) Comment. Let r and n be fixed values and consider ¢ to be variable. The (f) r—term sets contain

altogether r(:‘) numbers, each number occurring equally often: - (TT‘) times. The sum of all the elements in

the set is

1
S(n,r, 1)+ S(n,r,2)+ -+ S(n,r,r) = r(n>(1+2+--~+n) = r(n—l—)(n)
n\r 2 r
where S(n,r, 1) is the sum of the elements t; over the (:) subsets. The ordered r—element subsets (¢, to, - - - 7tT)I
can be mapped one-one to themselves by
(tl,tQ,"',tT\) — (’Il+17tr,n+17tr_1,"',n+17t1) .
From this, we see that, for 1 <r,
. n .
S(n,r,r+1—1) = ( )(n+ 1) — S(n,r,i)
T
so that
S(n,r,1)+ S(n,r,r)=Sn,r2)+ Sn,r,r—1)=---=8Sn,ri)+Snh,r,r+1—i)=---= <;L)(n+ 1).

This is not enough to imply that S(n,r, i) is an arithmetic progression in ¢, but along with this fact would
give a quick solution to the problem.

603. For each of the following expressions severally, determine as many integer values of = as you can so that
it is a perfect square. Indicate whether your list is complete or not.

(a) 1+ x;
(b) 1+ + 22

13



(c) 1+ + 22 + a3
(d) 1+ 2+ 22 + 23 + 2%
(e) 1+ x+ 2% + 2% + 2* + 2°.

Solution. (a) 1+ x is a square when z = u? — 1 for some integer u (or when z is the product of two
integers u — 1 and u + 1 that differ by 2).

(b) Solution 1. Suppose that 22 4+ 2 +1 = u?. Then (2x+ 1)+ 3 = 422 + 42 +4 = 4u? = (2u)?, whence
3=02u)? -2z +1)2=2u+22+1)(2u—2z—1).
The factors on the right must be +3 and £1 in some order, and this leads to the possibilities (z,u) =
(—1,=£1), (0,£1).

(b) Solution 2. If x > 0, then 2% < 22 +x+1 < (z+1)2, so that 22 +z + 1 cannot be square. If x < —1,
then 22 > 22 +x+1 > (v +1)% and 22 + 2 + 1 cannot be square. This leaves only the possibilities x = 0, —1.

(b) Solution 3. For given u, consider the quadratic equation
2 4r+l=u.
Its discriminant is 1 —4(1 —u?) = 4u? — 3. It will have integer solutions only if 4u? — 3 = v? for some integer
v, i.€., (v+ 2u)(v — 2u) = —3. The only possibilities are (u,v) = (£1, £1), (£1,F1).

(b) Solution 4. [J. Chui] If f(z) = 1 + z + 22, then f(z) = f(—(z + 1)), so we need deal only
with nonnegative values of . We have that f(0) = f(—1) = 1 is square. Let > 1 and suppose that
1+ 2 + 22 = u? for some integer u. Then (1 + z)? —u? = > 0 so that 1 + 2 > u. This implies that = > u,
whence 22 > u? = 22 4+ x + 1, a contradiction. Thus the only possibilities are z = 0, —1.

(b) Solution 5. [A. Birka] Suppose that 2® + z + 1 = w? with « > 0. This is equivalent to x =
(1+2)?—u?=(1+ax+u)(1+2—u),so that 1 + 2+ and 1+ 2 —u both divide x. If z > 1, then 1 +z+u
exceeds z and so cannot divide x. If < 0, then (—xz) +u — 1 divides x, which is impossible unless © = 1 or
u = 0. Only v =1 is viable, and this leads to x = 0, —1.

(c) Solution. 1+ z + 2? + 23 = (1 + 2?)(1 + z). Let d be a common prime divisor of 1 + x and 1 + z2.
Then d must also divide z(z — 1) = (1 + 2?) — (1 + ). Since ged(x,z + 1) = 1, d must divide  — 1 and so
divide 2 = (x + 1) — (x — 1). Hence, the only common prime divisor of 1 + 2% and 1 + z is 2.

Suppose 1+ x + 22 + 23 = (1 + 22)(1 + =) is square. Then there are only two possibilities:

(i) 1+2*=v* and 14z =17

for integers w and v ;
(i) 1+22=2r" and 14+z=2s> for integers r and s.

Ad (i) 1=v?—22 = (u—2z)(u+2) & (z,u) = (0,£1).
Ad (ii): We have 22 — 2r? = —1 which has solutions

(1‘,7") = (_17 1)a (17 1)7 (7a 5)7 (417 29)7 e
The complete set of solutions of #2 — 272 = £1 in positive integers is given by {(x,,7,) : n = 1,2,---}, where
Ty + 12 = (1+ \/?)”7 with odd values of n yielding solutions of 22— 2r2 = —1. We need to select values
of x for which # + 1 = 2s? for some s. © = —1, 1,7 work, yielding
1—1+(-1)*+(-1)*=0
1+1+12+13 =22
L4+ 74+ 7247 =8 x50 =20

14



There may be other solutions.

(d) Solution 1. Let f(z) =2* +2® + 22 + x + 1 = (2% — 1)/(z — 1), with the quotient form for x # 1.
We have that f(0) = f(—1) = 1% and f(3) = (243 —1)/2 = 11%. Also f(1) =5 and f(2) = 31. Suppose that
x > 4. Then z(z — 2) > 3, so that 2% > 2z + 3. Hence
(22 + 2 +1)? =4z +42® + 52% + 22 4+ 1
> 4zt +4a® + 42” + 4w + 4 = Af (z)

and
4f(z) = (42" + 42® + 2%) + (327 + 42 + 4)

= (227 + 2)? + (32% + 4z + 4) > (22° + 2)? .

Thus, 4f () lies between the consecutive squares (222 + z)? and (222 +  + 1)? and so cannot be square.
Hence f(z) cannot be square.

Similarly, if # < —2, then z(z — 2) > 3 and 322 + 4z +4 > 0, and we again find that 4f(z) lies between
the consecutive squares (222 + z)? and (222 + x + 1)2. Hence f(x) is square if and only if z = —1,0, 3.

(d) Solution 2. [M. Boase] For = > 3,

z\? z+1\°
<x2+2) <x4+x3+x2+x+1<(x2+2)

so that, lying between two half integers, 2 + 22 4+ 22 + 2 + 1 is not square. Suppose z = —y is less than —1.
Since y —1 < 2y? and y> +2y —3=(y +3)(y — 1) > 0,

2 2
Y y—1
(y22> <l-y+y’ =y’ +y' < <y22>
so again the middle term is not square. The cases z = —1,0, 1, 2,3 can be checked directly.

(e) Solution 1. Let

g@)=a+at + ¥+ 41

(x+1)(z* +22+1)
= (@ +D)[(@* +1)* — 7] ?

(x+ D@2+ +1)(z? -z +1).

Observe that g(z) < 0 for < —2, so g(z) cannot be square in this case. Let us analyze common divisors of
the three factors of g(z).

Suppose that p is a prime divisor of z 4+ 1. Then
P +rz4+l=xz(z+1)+1=1 mod p
and
P —r+l=x(x+1)-2x+1)+3=3 mod p.
Hence ged(z + 1,22 + 2 + 1) = 1 and ged(z + 1,22 — 2 + 1) is either 1 or 3.

Suppose ¢ is prime and 22 + z + 1 =0 (mod ¢). Then z(z + 1) = —1 (mod q), and 2% —z + 1 = —2x
(mod q). Since 2%+ 2+ 1 is odd, ¢ # 2, then 22 — 2 +1 # 0 (mod q). Hence ged(z? + o+ 1,22 —x+1) = 1.

As we have seen from (b), 2 + x + 1 is square if and only if z = —1 or 0. Indeed g(—1) = 0% and
g(0) = 12. Otherwise, 22 +  + 1 cannot be square. But ged(z? + 2 +1,(z +1)(z?2 — 2+ 1)) = 1, so g(x)
cannot be a square either. Hence x° + 2 4+ 22 + 22 4+ x + 1 is square if and only if 2 = —1 or 0.

(e) Solution 2. [M. Boase| Observe that z°+z*+---+1 = (234+1)(z*+ 2 +1). Since 2*+1 = (z2* +z +
1)(z—1)+2, the greatest common divisor of #®+1 and 22 +z+1 must divide 2. But 22 +z+1 = x(x+1)+1
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is always odd, so the greatest common divisor must be 1. Hence 22 + z + 1 and 2 + 1 must both be square.
Hence z must be either —1 or 0.

604. ABCD is a square with incircle I". Let [ be a tangent to I', and let A’, B/, C’, D’ be points on [ such
that AA’, BB', CC’, DD’ are all prependicular to I. Prove that AA’ - CC’" = BB'- DD'.

Solution 1. Let T' be the circle of equation 2 4+ y2 = 1 and let [ be the line of equation y = —1. The
points of the square must lie on the circle of equation 22 4+ y? = 2. Let them be

A~ (vV/2cos0,v/2sin )

B ~ (—V2sin6,v2cos 6)
C ~ (—V2cos 0, —/2sin 6)
D ~ (V2sin6, —v/2cos )
for some angle # with —m/4 < 6 < 7/4. Observe that 1/v/2 < cosf < 1 and that —1/v/2 <sinf < 1/v/2.
Then A’ ~ (v/2cos6, —1), B’ ~ (—/2sinf, —1), C' ~ (—/2cosf, 1) and D’ ~ (v/2sin, —1), so that
AA" =14 +/2sinf, BB’ =1+ v2cos0, CC' =1 —+/2sinf and DD’ = 1 — /2 cos 0. Hence
AA'.CC'" = BB'-DD' = (14 v/2sinf)(1 — v2sin6) — (1 + v/2cos )1 — V2 cos 0
= (1+ V2sin6)(1 — V2sin6) + (1 + V2 cos 0)(1 — V2 cos 0)

=1-2sin20+1—2cos20=0 .

Solution 2. One can proceed as in the first solution, taking the four points on the larger circle at the
intersection with the perpendicular lines y = ma and y = —z/m. The points are

AN(Mm\ZlVZfl) BN(x/n:;fl’\/m\?“)

V2 —my/2 mv/2 -2
C~ , D~ ,
VmZ+1 Vm2+1 Vm2+1 Vm2+1
In this case, the products turn out to be equal to |[(m? — 1)/(m? + 1)|.

Solution 3. [A. Birka] Let the circle have equation 2% + y* = 1 and the square have vertices A ~ (1,1),
B ~ (-1,1), C ~ (-1,-1), D ~ (1,—1). Suppose, wolog, that the line ! is tangent to the circle at
P(t,v/1—1t2) with 0 < t < 1 and intersects CB produced in Y and AD in X. The line ! has equation
tx + 1 —t?y = 1 and so the coordinates of X are (1,u) and of Y are (—1,1/u) where v = (1 —t)/v/1 — 2.
Now YB:YC=(1-u):(14+u)=AX : XD. Since AY BB’ is similar to AYCC" and AXAA’ is similar
to AXDD'.
BB :CC'=YB:YC=AX:XD=AA":DD',

and the result follows.

Comment. If the circle has equation x2 + 42 = r2, the square has vertices (7, £7) and the line through
a point (a,b) on the circle has equation ax + by = 2, then the distance product is 2ab.
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