International Mathematical Talent Search — Round 30

Problem 1/3Q Determine the unique pair of real numbérsy) that satisfy
the equation
(42% + 62 + 4)(4y* — 12y + 25) = 28.

Problem 2/3Q Prove that there are infinitely many ordered triples of positive
integers(a, b, ¢) such that the greatest common divisorof, andcis 1, and
the suma?b? + b2c? + c2a? is the square of an integer.

Problem 3/3Q Nine cards can be numbered using positive half-integers
(1/2,1,3/2,2,5/2,...) so that the sum of the numbers on a randomly cho-
sen pair of cards gives an integer from 2 to 12 with the same frequency of
occurence as rolling that sum on two standard dice. What are the numbers
on the nine cards and how often does each number appear on the cards?

Problem 4/3Q As shown in the fig-
ure on the right, squarBQRS is in- C
scribed in right triangleA BC, whose P S
right angle is at”, so thatS andP are
on sidesBC and C'A, respectively,
while Q and R are on sided B. Prove
that AB > 3Q R and determine when
equality holds. A Q R B

Problem 5/3Q In the figure on the
right, ABC'D is a convex quadri-
lateral, K, L, M, and N are the
midpoints of its sides, an®®QRS
is the quadrilateral formed by the
intersections ofAK, BL, CM,
and DN. Determine the area of
quadrilateralPQ RS if the area of
quadrilateralABC' D is 3000, and
the areas of quadrilaterals\/ () P
andCK SR are 513 and 388, re-
spectively.




